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THE PARABOLA THEOREM

Suppose that a,, € P, for n =1,2,....Then K(ay|1) converges
if and only if the series
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UNDERSTANDING THE THEOREM

What is the significance of the parabolic region?

What is the signifance of the series?
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Split the theorem in two.

Theorem involving the parabolic region.

Theorem involving the Stern—Stolz series.
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CONVERGENCE USING MOBIUS TRANSFORMATIONS

The continued fraction K(a,|1) converges if and only if
T1(0),T(0),T5(0), ... converges.
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QUESTION

What does the condition a € P, signify for the map
H(z) = a/(1+2)?
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ANSWER

The coefficient a belongs to P, if and only if ¢ maps a
half-plane H,, within itself.
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PROOF (a =0)
OH

Parabola |a — 0| = |a — 0H
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ORIGINAL CONDITION

a, € P,
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NEW CONDITION

tn(—1) =00 tn(0c0) =0 tn(Hq) C Hq

Does T,, =ty oty 0---ot, converge at 07
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CONCLUSION

If a,, € P, then there are points p and ¢ in H,, such that 75,1
converges on H, to p, and T, converges on H, to q.
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RECALL

Suppose ay, € P,. Then K(a,|1) converges if and only if the
Stern—Stolz series diverges.
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RECALL

Then K(ay| 1) converges if and only if the
Stern—Stolz series diverges.
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THE STERN—STOLZ SERIES
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CONVERGENCE OF THE STERN—STOLZ SERIES

Gnp
1+ 2 z
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CONVERGENCE OF THE STERN—STOLZ SERIES

Is S, ~ 1,7



A CLASSICAL THEOREM THE PARABOLIC REGION THE STERN—STOLZ SERIES
000000 0000000000000 00000 0000000000000 00000
I I

CHORDAL METRIC

Let x denote the chordal metric.



A CLASSICAL THEOREM THE PARABOLIC REGION THE STERN—STOLZ SERIES
000000 0000000000000 00000 0000000000000 00000
I I

CHORDAL METRIC

Let x denote the chordal metric.
Let M denote the group of Mé&bius transformations.



A CLASSICAL THEOREM THE PARABOLIC REGION THE STERN—STOLZ SERIES

000000 0000000000000 00000 0000000000000 00000
I I

CHORDAL METRIC

Let x denote the chordal metric.
Let M denote the group of Mé&bius transformations.

xo(f,9) = sup x(f(2),9(2))

ZE(COO



A CLASSICAL THEOREM THE PARABOLIC REGION THE STERN—STOLZ SERIES

000000 0000000000000 00000 0000000000000 00000
I I

CHORDAL METRIC

Let x denote the chordal metric.
Let M denote the group of Mé&bius transformations.

xo(f,9) = sup x(f(2),9(2))

ZE(COO

Xo is right-invariant.



A CLASSICAL THEOREM THE PARABOLIC REGION THE STERN—STOLZ SERIES

000000 0000000000000 00000 0000000000000 00000
I I

CHORDAL METRIC

Let x denote the chordal metric.
Let M denote the group of Mé&bius transformations.

xo(f,9) = sup x(f(2),9(2))

2€Cx
X0 is right-invariant.
(M, xo0) is a topological group.
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CHORDAL METRIC

Let x denote the chordal metric.
Let M denote the group of Mé&bius transformations.

xo(f,9) = sup x(f(2),9(2))

2€C
X0 is right-invariant.
(M, xo0) is a topological group.
(M, x0) is a complete metric space.
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THE STERN—STOLZ SERIES

1 a9 as

H1 = — Ho = — H3 =
al aq ajas

lpa| + |p2| + 3| + - -
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THE STERN—STOLZ SERIES

1 a9 as

H1 = — Ho = — H3 =
al aq ajas

lpa| + |p2| + 3| + - -

Son—1(2) = —— Son(2) = panz
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Sono(l+2)o 2’73(2) = Uon +2
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CONJUGATION

pzo(l4+z)optz=p+z

Sono(l+2)o 2’73(2) = Uon +2

Let o(z) = 1.
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CONJUGATION

pzo(l4+z)optz=p+z

San 0 (1+2) 0 Sy, (2) = pizn + 2

Let o(z) = 1.

Son—10(1+2) 085" ()
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CONJUGATION

pzo(l4+z)optz=p+z

San 0 (1+2) 0 Sy, (2) = pizn + 2

Let o(z) =

N =

Saac1 0 (142) 0 Syt 1(2) = 070 (21 +2) 00
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= XO(I’ Snfltnsytl)
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CALCULATION

XO(SnTn_la SnflTn__ll) = XO(Snt;Ia Snfl)
= XO(I’ Snfltnsytl)
= xo(I,Spo(1+2)081)
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CALCULATION

Xo(Sn Tyt Spa Ty Yy) Sptt, Snot)
Sty s
o(I,8n o (1+2) 08

I:U'n‘i‘z)

X0

0

I
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CALCULATION

Xo(Sn Tyt Spa Ty Yy) Sptt, Snot)
Sty s
o(I,8n o (1+2) 08

0 Iaﬂn+z)

X0

I
=

0

= =
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1 aq as ajas a204
—|+ =+ + 4o < Fo0
ay a2 aijas G204 aijazas

if and only if

ZXO(SnTn_la SnflTn—_ll) < 400
n
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n
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D xo(SnT b, Spa T, ) < +o0
n

There exists Mobius g such that xo(S,T;, 1, g) — 0.
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CONVERGENCE OF THE STERN—STOLZ SERIES

D xo(SnT b, Spa T, ) < +o0
n

There exists Mobius g such that xo(S,T;, 1, g) — 0.
Let h=g %

XO(Tn7 hSn) — 0
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OSCILLATION
Recall )
Son—1(2) = —— Son(2) = ponz
Hon—17

So if T, ~ hS,, then Ty,_1 — h(oc) and T, — h(0).
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HYPERBOLIC GEOMETRY

Son—1(2) = —— Son(2) = ponz
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HYPERBOLIC GEOMETRY

1
S — = S = n
on—1(2) p— o (2) = pon?
1 z
Sil z) = Sil z) =
2n—1( ) Uon—12 Qn( ) Lon
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HYPERBOLIC GEOMETRY

1
Son_1(z) = Son(2) = ponz
on—1(2) pr— on(2) = pi2
Syl () = — Syl = =
2n—1 Uon—17% 2n Lon
S 0) =

If |pn| < 1 then

exp [—p(j, S5, (5))]
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HYPERBOLIC GEOMETRY

1
Son_1(z) = Son(2) = ponz
on—1(2) pr— on(2) = pi2
Syl () = — Syl = =
2n—1 Uon—17% 2n Lon
S 0) =

If |pn| < 1 then

exp [0, 5 0] =eww |~1ox ()|

|t
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HYPERBOLIC GEOMETRY

1
Son_1(z) = Son(2) = ponz
on—1(2) pr— on(2) = pi2
Syl () = — Syl = =
2n—1 Uon—17% 2n Lon
S 0) =

If |pn| < 1 then

exp [=p(j, S5 (7))] = exp {— log (:)} = |in|

[Fan]
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¢ S1(4)
*S3(7)
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DyNAMICS OF S, IN HYPERBOLIC SPACE

H3
¢ S2(j)

°J

¢ S1(4)

*S3(7)



A CLASSICAL THEOREM THE PARABOLIC REGION THE STERN—STOLZ SERIES
000000 0000000000000 00000 000000000000 0000000
I I

EQUIVALENT CONDITIONS

as aiag a20a4

+ 4 < H00

aijas a2a4 aijazas



A CLASSICAL THEOREM THE PARABOLIC REGION THE STERN—STOLZ SERIES

000000 0000000000000 00000 000000000000 0000000
I I

EQUIVALENT CONDITIONS

as aiag a20a4

+ 4 < H00

aijas a2a4 aijazas

D Xo(STy Y Sn T Y) < +o0
n



A CLASSICAL THEOREM THE PARABOLIC REGION THE STERN—STOLZ SERIES

000000 0000000000000 00000 000000000000 0000000
I I

EQUIVALENT CONDITIONS

as aiag a20a4
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D Xo(STy Y Sn T Y) < +o0
n

> nexpl—p(j, Sn(j))] < 400 and oo is the only (conical) limit
point of S,
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EQUIVALENT CONDITIONS

as aiag a20a4

+ 4 < H00

aijas a2a4 aijazas

D Xo(STy Y Sn T Y) < +o0
n

> nexpl—p(j, Sn(j))] < 400 and oo is the only (conical) limit
point of S,

> expl—p(j, Tn(j))] < +o00 and oo is the only conical limit
point of T},
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Thank you!
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