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QUuEesTION 1. What are the conformal maps from one region to
another?
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QUESTION 2. Which groups arise as conformal symmetry
groups?
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Koebe’s generalisation



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES
00000000800 000000000 0000000 00000000000

PUBLICATION

Fixed points, Koebe uniformization and circle packings
Zheng-Xu He and Oded Schramm
The Annals of Mathematics, 1993



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES

00000000080 000000000 0000000 00000000000
I

SCHWARZ REFLECTION PRINCIPLE AND MOBIUS MAPS



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES

00000000080 000000000 0000000 00000000000
I

SCHWARZ REFLECTION PRINCIPLE AND MOBIUS MAPS



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES

00000000080 000000000 0000000 00000000000
I

SCHWARZ REFLECTION PRINCIPLE AND MOBIUS MAPS




INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES

00000000080 000000000 0000000 00000000000
I

SCHWARZ REFLECTION PRINCIPLE AND MOBIUS MAPS




INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY JONFORMAL SYMMETRIES
0000000000 e 000000000 0000000 00000000000

MOBIUS MAPS

az+b

Z = —
cz+d

a,b,c,deC ad —bc=1



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES

0000000000 e 000000000 0000000 00000000000
I

MOBIUS MAPS

az+b

Z = —
cz+d

a,b,c,deC ad —bc=1

az+b

2 —
cz+d

a,b,c,deC ad —bc=1



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY JONFORMAL SYMMETRIES
00000000000 000000000 0000000 00000000000

CIRCULAR REGIONS



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES

00000000000 900000000 0000000 00000000000
I

TWO QUESTIONS

QUESTION 2. Which groups arise as conformal symmetry
groups?



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES

00000000000 900000000 0000000 00000000000
I

TWO QUESTIONS

QUESTION 2. Which groups arise as conformal symmetry
groups of finitely connected regions?
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CONNECTIVITY 3+

Conformal symmetry group is finite.

Which finite groups arise as conformal symmetry groups?

Which finite groups arise as subgroups of the Mobius group?
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THEOREM (HEINS, 1946).The only groups that arise as
conformal symmetry groups of finitely connected regions of
connectivity at least three
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CONFORMAL SYMMETRY GROUPS OF FINITELY CONNECTED REGIONS

THEOREM (HEINS, 1946).The only groups that arise as
conformal symmetry groups of finitely connected regions of
connectivity at least three are A4, Si, As, C,, and D, for
n=12....
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AcTioN onN H3

(=z+1 t>0
¢ (aC+b)(cC+d) ! a,b,c,deC ad —bc=1
Euclidean similarities: (—aCdt+0b

inversion in unit sphere: (-t
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TWO QUESTIONS

QUuEesTION 1. What are the conformal maps from one region to
another?
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THEOREM (BEARDON & MINDA, 2008). Let pq, po,..., 0, and
q1,92,---,qn, 7 > 4, be two sets of punctures in Ce.
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THEOREM (BEARDON & MINDA, 2008). Let pq, po,..., 0, and
q1,9,---,qn, 7 > 4, be two sets of punctures in Co,. There
exists a Mobius map f such that f(p;) = ¢, for e =1,2,...,nif
and only if
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CONFORMAL SYMMETRIES OF PUNCTURED SPHERES

THEOREM (BEARDON & MINDA, 2008). Let pq, po,..., 0, and
q1,9,---,qn, 7 > 4, be two sets of punctures in Co,. There
exists a Mobius map f such that f(p;) = ¢, for e =1,2,...,nif

and Only if [pi:pj:pk:pl] = [Q'M 45, 9k, ql] for all distinct
quadruples 2,7, k, .
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THEOREM (BEARDON & MINDA, 2008). Let D be a region
bounded by n circles Ci, Cs, ..., Cy, and let II; be the
hyperbolic plane with boundary C;.



INTRODUCTION CIRCULAR REGIONS HYPERBOLIC GEOMETRY CONFORMAL SYMMETRIES

00000000000 000000000 0000000 0000000000 e
I

CONFORMAL SYMMETRIES OF CIRCULAR REGIONS

THEOREM (BEARDON & MINDA, 2008). Let D be a region
bounded by n circles Ci, Cs, ..., Cy, and let II; be the
hyperbolic plane with boundary C;. Define D', C/, and IT}
similarly.
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THEOREM (BEARDON & MINDA, 2008). Let D be a region
bounded by n circles Ci, Cs, ..., Cy, and let II; be the
hyperbolic plane with boundary C;. Define D', C/, and IT}
similarly. There exists a Mdbius map f such that f(D) = D’
and f(C;) = C/ for i = 1,2,...,n if and only if
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CONFORMAL SYMMETRIES OF CIRCULAR REGIONS

THEOREM (BEARDON & MINDA, 2008). Let D be a region
bounded by n circles Ci, Cs, ..., Cy, and let II; be the
hyperbolic plane with boundary C;. Define D', C/, and IT}
similarly. There exists a Mdbius map f such that f(D) = D’
and f(C;) = C/ for i = 1,2,...,n if and only if

o(11;, I1;) = (11}, I17) for each pair 1, 7.
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