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TWO QUESTIONS

QUuEesTION 1. What are the conformal maps from one region to
another?
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TWO QUESTIONS

QUESTION 2. Which groups arise as conformal symmetry
groups?



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORI\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



REcaAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORT\’[AL MAPS
oe 0000000000000 000 0000000000 0000000000000 00000000

REcapP



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI(‘ONFORZ\.’[AI MAPS
00 0000000000000 000 0000000000 0000000000000 00000000

INFINITE CONNECTIVITY
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MOBIUS GROUP

M= ZHM ta,b,c,de€C,ad—bc=1
cz+d



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI\"ONFORZ.TAI MAPS

00 0@®00000000000000 0000000000 0000000000000 00000000
I

MOBIUS GROUP

<
[

{ az+ b
Z

—— :a,b,c,d €C, ad—bc:l}
cz+d

M = SL(2,C)/{£I}
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MOBIUS GROUP

<
[

{ az+ b
Z

—— :a,b,c,d €C, ad—bc:l}
cz+d

M = SL(2,C)/{£I}

Coincides with the topology of uniform convergence.
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MASKIT'S THEOREM

DEFINITION. Let Aut* (D) denote the group of conformal
symmetries of a region D.



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SICONFORI\.’[AL MAPS

00 0000000000000 000 0000000000 0000000000000 00000000
I

MASKIT'S THEOREM

DEFINITION. Let Aut* (D) denote the group of conformal
symmetries of a region D.

THEOREM (MASKIT, 1968).
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MASKIT'S THEOREM

DEFINITION. Let Aut* (D) denote the group of conformal
symmetries of a region D.

THEOREM (MASKIT, 1968). Each region in Co, is conformally
equivalent to a region D for which Aut™ (D) is a subgroup of
M.
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CONFORMAL SYMMETRY GROUPS ARE CLOSED

Suppose henceforth that Aut™ (D) < M.
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CONFORMAL SYMMETRY GROUPS ARE CLOSED

Suppose henceforth that Aut™ (D) < M.

LEMMA. Aut™(D) is closed in M.
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CONFORMAL SYMMETRY GROUPS ARE DISCRETE
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CONFORMAL SYMMETRY GROUPS ARE DISCRETE

THEOREM. If D is a region of connectivity at least three then
Aut™ (D) is discrete.
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SKETCH PROOF THAT Aut'(D) IS DISCRETE I

Let G = Autt (D).
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SKETCH PROOF THAT Aut'(D) IS DISCRETE I

Let G = Autt (D).

Let G; be the connected component of the identity in G.
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SKETCH PROOF THAT Aut'(D) IS DISCRETE I

Let G = Autt (D).

Let G; be the connected component of the identity in G.

If G = {I} then G is discrete.
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SKETCH PROOF THAT Aut'(D) IS DISCRETE I

Let G = Autt (D).

Let G; be the connected component of the identity in G.

If G = {I} then G is discrete.

Otherwise G contains a one-parameter subgroup of M.
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SKETCH PROOF THAT Aut'(D) 1s DISCRETE II

The one-parameter subgroups in SL(2, C) are ¢ — exp(tA) for
A in sl(2,C).
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SKETCH PROOF THAT Aut'(D) 1s DISCRETE II

The one-parameter subgroups in SL(2, C) are ¢ — exp(tA) for
A in sl(2,C). Now,

sl(2,C) = . —g ca,b,ceC
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SKETCH PROOF THAT Aut'(D) 1s DISCRETE II

The one-parameter subgroups in SL(2, C) are ¢ — exp(tA) for
A in sl(2,C). Now,

5[(2,(:):{(‘6’ _ba> : a,b,cE(C}.

Two types of Jordan normal form:
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SKETCH PROOF THAT Aut'(D) 1s DISCRETE II

The one-parameter subgroups in SL(2, C) are ¢ — exp(tA) for
A in sl(2,C). Now,

5[(2,(:):{(‘6’ _ba> : a,b,cE(C}.

Two types of Jordan normal form:

65 (o)

Hence, up to conjugation, the one-parameter subgroups in M

are

z s eMz, z— z+t, t eR.
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SKETCH PROOF THAT Aut'(D) 1s DISCRETE III

A

G contains either z — e*z or z — 2z + t.
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SKETCH PROOF THAT Aut'(D) 1s DISCRETE III

A

G contains either z — e*z or z — 2z + t.

Unless A purely imaginary this means that every component of
Cs \ D contains oo.
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SKETCH PROOF THAT Aut'(D) 1s DISCRETE III

G; contains either z — e*z or z — 2z + ¢.

Unless A purely imaginary this means that every component of
Cs \ D contains oo.

When A purely imaginary get annuli (at most two components).
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LIMIT SETS
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PROPERTIES OF LIMIT SETS

A is closed
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PROPERTIES OF LIMIT SETS

A is closed

A is invariant under G
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PROPERTIES OF LIMIT SETS

A is closed

A is invariant under G

A is the smallest closed set invariant under G
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SIZE OF LIMIT SETS

Let G be a discrete group with limit set A. Four possibilities
arise.
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SIZE OF LIMIT SETS

Let G be a discrete group with limit set A. Four possibilities
arise.

|A| =0 — G is finite



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI\"ONFORZ.TAI MAPS

00 0000000000 e00000 0000000000 0000000000000 00000000
I

SIZE OF LIMIT SETS

Let G be a discrete group with limit set A. Four possibilities
arise.

|A| =0 — G is finite

|A| =1 — G is a discrete group of Euclidean isometries
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SIZE OF LIMIT SETS

Let G be a discrete group with limit set A. Four possibilities
arise.

|A| =0 — G is finite

|A| =1 — G is a discrete group of Euclidean isometries

|A| =2 — G is a discrete group of C* isometries
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SIZE OF LIMIT SETS

Let G be a discrete group with limit set A. Four possibilities
arise.

|A| =0 — G is finite

|A| =1 — G is a discrete group of Euclidean isometries

|A| =2 — G is a discrete group of C* isometries

|A| uncountable
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PUNCTURED SPHERES OF COUNTABLE CONNECTIVITY
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PUNCTURED SPHERES OF COUNTABLE CONNECTIVITY

Finite punctures — finite conformal symmetry group
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PUNCTURED SPHERES OF COUNTABLE CONNECTIVITY

Finite punctures — finite conformal symmetry group

Countable punctures — elementary discrete conformal symmetry group
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DISCRETE GROUP OF ISOMETRIES OF C
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DISCRETE GROUP OF ISOMETRIES OF C*
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS

THEOREM.
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS

THEOREM. Let D be a countably connected region of
connectivity at least three.
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS

THEOREM. Let D be a countably connected region of
connectivity at least three. Then D is conformally equivalent to
a region whose conformal symmetry group is either a Fuchsian
group or an elementary discrete group.
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS

THEOREM. Let D be a countably connected region of
connectivity at least three. Then D is conformally equivalent to
a region whose conformal symmetry group is either a Fuchsian
group or an elementary discrete group. Furthermore, each
Fuchsian group and elementary discrete group arises as the
conformal symmetry group of a countably connected region.
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS
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CONFORMAL SYMMETRY GROUPS OF COUNTABLY CONNECTED REGIONS
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DecoMPoOSING MOBIUS MAPS

az+b _a 1
cz+d ¢ c(cz+d)
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MOBIUS MAPS IN HIGHER DIMENSIONS

DEFINITION.
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MOBIUS MAPS IN HIGHER DIMENSIONS

DEFINITION. A Mébius map of R™ U {oo} is a homeomorphism
f that either takes the form
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MOBIUS MAPS IN HIGHER DIMENSIONS

DEFINITION. A Mébius map of R™ U {oo} is a homeomorphism
f that either takes the form f(z) = Az + B
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MOBIUS MAPS IN HIGHER DIMENSIONS

DEFINITION. A Mébius map of R™ U {oo} is a homeomorphism
f that either takes the form f(z) = Az + B or
f(z) = Aa(2) + B,



HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI\"ONFORZ.TAI MAPS

RECAP INFINITE CONNECTIVITY
0000000000000 00000000

00 0000000000000 000 00®0000000

MOBIUS MAPS IN HIGHER DIMENSIONS

DEFINITION. A Mébius map of R™ U {oo} is a homeomorphism

f that either takes the form f(z) = Az + B or
f(z) = Ao(z) + B, where o is an inversion, A is an orthogonal

map followed by a scaling, and B € R".
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LIOUVILLE’S THEOREM
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LIOUVILLE’S THEOREM

THEOREM (LIOUVILLE, 1850). A smooth conformal map from
one region in R™ to another is a Md&bius transformation.
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SIGNIFICANCE

PosiTIVE. Fewer conformal maps to worry about.
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SIGNIFICANCE
PosiTIVE. Fewer conformal maps to worry about.

NecaTive. No Riemann mapping theorem.

—
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FINITELY CONNECTED REGIONS
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FINITELY CONNECTED REGIONS

T'WO DIMENSIONS. Groups As, Si, As, Cy, and D,,.
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FINITELY CONNECTED REGIONS

T'WO DIMENSIONS. Groups As, Si, As, Cy, and D,,.

HicHER DIMENSIONS. All finite groups arise.
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FINITELY PUNCTURED SPHERES

DEFINITION. Let Aut(D) denote the full group of conformal
and anticonformal symmetries of a region D in S™.
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FINITELY PUNCTURED SPHERES

DEFINITION. Let Aut(D) denote the full group of conformal
and anticonformal symmetries of a region D in S™.

THEOREM. Let D be the complement in S™ of finitely many (at
least three) punctures.
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FINITELY PUNCTURED SPHERES

DEFINITION. Let Aut(D) denote the full group of conformal
and anticonformal symmetries of a region D in S™.

THEOREM. Let D be the complement in S™ of finitely many (at
least three) punctures. Then Aut(D) is conjugate to F' x O,
where F' is a finite group and O is an orthogonal group.
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FINITELY PUNCTURED SPHERES

DEFINITION. Let Aut(D) denote the full group of conformal
and anticonformal symmetries of a region D in S™.

THEOREM. Let D be the complement in S™ of finitely many (at
least three) punctures. Then Aut(D) is conjugate to F' x O,
where F' is a finite group and O is an orthogonal group.
Conversely, given a finite group F and an orthogonal group O
there exists a finitely punctured sphere D such that Aut(D) is
isomorphic to F' x O.
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SKETCH PROOF THAT EVERY FINITE GROUP ARISES
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SKETCH PROOF THAT EVERY FINITE GROUP ARISES
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SKETCH PROOF THAT EVERY FINITE GROUP ARISES
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SKETCH PROOF THAT EVERY FINITE GROUP ARISES
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MORE COMPLICATED GROUPS

xTo Xy Te

Ty T3 Ty

R(S

Aut(D) = (Og X Oz X Og) X S3



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI\"ONFORZ.TAI MAPS
00 0000000000000 000 000000000 e 0000000000000 00000000

CLASSIFICATION OF CLOSED M®OBIUS GROUPS

Sn



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI\"ONFORZ.TAI MAPS
00 0000000000000 000 000000000 e 0000000000000 00000000

CLASSIFICATION OF CLOSED M®OBIUS GROUPS

Sn



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI(‘ONFORZ\.’[AI MAPS

00 0000000000000 000 000000000 e 0000000000000 00000000
I

CLASSIFICATION OF CLOSED M®OBIUS GROUPS



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI(‘ONFORZ\.’[AI MAPS

00 0000000000000 000 000000000 e 0000000000000 00000000
I

CLASSIFICATION OF CLOSED M®OBIUS GROUPS



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI(‘ONFORZ\.’[AI MAPS

00 0000000000000 000 000000000 e 0000000000000 00000000
I

CLASSIFICATION OF CLOSED M®OBIUS GROUPS

Da
ZODGZ

G < M,
G|y either discrete or My
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CLASSIFICATION OF CLOSED M®OBIUS GROUPS

Da
ZODGZ

G <M,
G|y either discrete or My
Fix(X) conjugate to a closed orthogonal group
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LLORENTYZ SPACE
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INTERSECTING CIRCLES

Cy c

There exists a M6bius map f such that f(C}) = CY,
f(C2) = Cy, and f(C3) = Cj if and only if 12 = ¢ »,
02,3 = b3, and g3 = 051.
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INTERSECTING CIRCLES
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INVERSIVE DISTANCE

01,2

O'(C]_, Cg) = cosh Q]_,g
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INVERSIVE DISTANCE

O'(C]_, Cg) = COS8 91,2
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EXTEND QUESTION 1

OBSERVATION. Let C, Cy,...,Cp and Cf, Cs..., C), be two
sets of circles.
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EXTEND QUESTION 1

OBSERVATION. Let C, Cy,...,Cp and Cf, Cs..., C), be two
sets of circles. Suppose that f is a Mébius transformation such
that f(C;) = C; for each 3.
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EXTEND QUESTION 1

OBSERVATION. Let C, Cy,...,Cp and Cf, Cs..., C), be two
sets of circles. Suppose that f is a Mébius transformation such
that f(C;) = C/ for each . Then, by conformality and
preservation of hyperbolic distance, o(C;, C;) = o(C}, C]) for
each pair ¢, 7.
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EXTEND QUESTION 1

OBSERVATION. Let C, Cy,...,Cp and Cf, Cs..., C), be two
sets of circles. Suppose that f is a Mébius transformation such
that f(C;) = C/ for each . Then, by conformality and
preservation of hyperbolic distance, o(C;, C;) = o(C}, C]) for
each pair ¢, 7.

Does the converse hold?
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Cy Cy C1 CY




RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SICONFORI\’[AL MAPS
00 0000000000000 000 0000000000 0000800000000 00000000

PROBLEMATIC EXAMPLE

Cy Cy C1 CY




RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SICONFORI\.’[AL MAPS
00 0000000000000 000 0000000000 0000800000000 00000000

PROBLEMATIC EXAMPLE

Cy Cy C1 CY




RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SI(‘ONFORZ\.’[AI MAPS
00 0000000000000 000 0000000000 0000800000000 00000000

PROBLEMATIC EXAMPLE

Cy Cy C1 CY




RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SICONFORI\.’[AL MAPS
00 0000000000000 000 0000000000 0000800000000 00000000
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ANOTHER PROBLEMATIC EXAMPLE

C Cs C1 Cy

Cs

on
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C Cs C1 Cy
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THE MAIN THEOREM

THEOREM (CRANE & SHORT, 2010.)
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THE MAIN THEOREM

THEOREM (CRANE & SHORT, 2010.) Let Dy, Ds,..., D,, and
Di,Dj, ..., D! be two collections of discs such that
N8D; =NéD; =0.
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THE MAIN THEOREM

THEOREM (CRANE & SHORT, 2010.) Let Dy, Ds,..., D,, and
Di,Dj, ..., D! be two collections of discs such that

N8D; =N 8D; = 0. Then there is a M6bius transformation f
such that f(D;) = D, for each ¢ if and only if

6(D;, D;) = (D, D;) for each pair ¢, 7.
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Proor

Use the hyperboloid model of hyperbolic space.
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Proor

Use the hyperboloid model of hyperbolic space.
Equip R* with the Lorentz inner product

<($11 T2, T3, 51)4), (yla Y2, Ys, y4)> =T1Y1 + D2Yo + T3Ys — TaYa.
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Proor

Use the hyperboloid model of hyperbolic space.
Equip R* with the Lorentz inner product

<($11 T2, T3, 51)4), (yla Y2, Ys, y4)> =T1Y1 + D2Yo + T3Ys — TaYa.

HE = {ac ERY: ||z|? = -1, = >o}
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Proor

Use the hyperboloid model of hyperbolic space.
Equip R* with the Lorentz inner product

<($11 T2, T3, 51)4), (yla Y2, Ys, y4)> =T1Y1 + D2Yo + T3Ys — TaYa.
H={ceR*: |z|?=-1, z>0}

cosho(z,y) = —(z,9)
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HYPERBOLOID MODEL

HE={zeR*: ||z|?=-1, =z >0}



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QU.—'&SICONFORI\.’[AL MAPS
00 0000000000000 000 0000000000 0000000000800 00000000

HYPERBOLIC ISOMETRIES
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HYPERBOLIC ISOMETRIES

Lorentz transformations : linear maps that preserve the Lorentz
inner product.
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HYPERBOLIC ISOMETRIES

Lorentz transformations : linear maps that preserve the Lorentz
inner product.

Positive Lorentz transformations : Lorentz transformations that
preserve H3.
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INVERSIVE DISTANCE

Given discs D; and D, with associated space-like normals n;
and n, in R* we have

6’(D1, D2) = <n1, TL2>
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INVERSIVE DISTANCE

Given discs D; and D, with associated space-like normals n;
and n, in R* we have

6’(D1, D2) = <n1, TL2>

The rest is linear algebra...
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CONFORMAL MAP

f(20 +2) = f(z) + az + &(2)
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f(20 +2) = f(z) + az + &(2)
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f(20 +2) = f(z) + az + &(2)
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CONFORMAL MAP

f(20 +2) = f(z) + az + &(2)
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QUASICONFORMAL MAP

f(z+ 2) = f(z) + az + bz + £(2)
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QUASICONFORMAL MAP

f(z+ 2) = f(z) + az + bz + £(2)
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QUASICONFORMAL MAP

f(z+ 2) = f(z) + az + bz + £(2)
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QUASICONFORMAL MAP

(lal + [6))&

f(z+ 2) = f(z) + az + bz + £(2)
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=
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N
=
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QUASICONFORMAL MAP OF CIRCULAR REGIONS

Suppose there is a K-quasiconformal map f.
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QUASICONFORMAL MAP OF CIRCULAR REGIONS

O °) -
O

Suppose there is a K-quasiconformal map f.
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QUASICONFORMAL MAP OF CIRCULAR REGIONS

Suppose there is a K-quasiconformal map f.



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORMAL MAPS

00 0000000000000 000 0000000000 0000000000000 00000800
I

QUASICONFORMAL MAP OF CIRCULAR REGIONS

THEOREM.
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QUASICONFORMAL MAP OF CIRCULAR REGIONS

THEOREM. Let Q and Q' be two circular regions in the complex
plane bounded by circles Ci, Co, ..., Cp and Cy, Cj,..., C},
respectively.
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QUASICONFORMAL MAP OF CIRCULAR REGIONS

THEOREM. Let Q and Q' be two circular regions in the complex
plane bounded by circles Ci, Co, ..., Cp and Cy, Cj,..., C},
respectively. Let f be a K-quasiconformal map from Q to Q'
with f(C;) = C| for each .



RECAP INFINITE CONNECTIVITY HIGHER DIMENSIONS LORENTZ SPACE QUASICONFORMAL MAPS
00 0000000000000 000 0000000000 0000000000000 00000800

QUASICONFORMAL MAP OF CIRCULAR REGIONS

THEOREM. Let Q and Q' be two circular regions in the complex
plane bounded by circles Ci, Co, ..., Cp and Cy, Cj,..., C},
respectively. Let f be a K-quasiconformal map from Q to Q'
with f(C;) = C| for each ¢. Then

L <Py g
K expg”

for each pair ¢, J.
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OPEN PROBLEM

Does the converse hold?
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THANK YOU!
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