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CONVERGENCE AGAIN

Convergence of K(a,|b,) equivalent to convergence of
T2(0). T5(0). ...
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THREE MORE REASONS FOR USING MOBIUS MAPS

o There is already a well developed theory of Mobius maps.
o Allows us to bring in geometry.

o Simpler notation: composition of maps rather than
algebraic manipulation.
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COMPLEX CONTINUED FRACTIONS

K(an|bn) an, by, € C

an

mE =550

The Mobius group

b
M:{ZH% s a,b,e,d e C, ad—bc;&()}
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TwWO ASPECTS OF M

o Three-dimensional hyperbolic isometries

o Topological group (and complete metric space)
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THE STERN-STOLZ THEOREM

Theorem. If ) |b,| converges then K(1|b,) diverges.
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OPEN PROBLEM 1

Interpret each result on complex continued fractions in terms of
(a) hyperbolic geometry, and (b) topological group theory.
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(H?, p)

: [z —yl
sinh ip(z,y) = -—2
2°(®Y) 2\/x3y3
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Suppose K(ay|by,) converges.

In other words, suppose T1(0),T5(0), ... converges.
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7%(0)—%p

then
Ty (]) — D

(Lorentzen, Aebischer, Beardon)
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Theorem. If ) |b,| converges then K(1|b,) diverges.



CONTINUED FRACTIONS MOBIUS MAPS HYPERBOLIC GEOMETRY ['OPLOGICAL GROUPS
0000000000 000000000 0000000000000 80000 00000000000000
:

RECALL THE HYPERBOLIC METRIC

=y

sinh i p(z,y) =
2(7:9) 2\/z3y3
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i ta()) = p(h(3). Bt )
= p(ja bn + ])
sinh Lo(j. 1 (7)) = 2

p(]vtn(])) = p(Tnfl(j)an(j))
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Hence if ), |bn| < 400 then
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HYPERBOLIC DISTANCE CALCULATIONS

' , . bn,
sinh %p(Tn—l(j)v T,(4)) = [Bn]

Hence if ), |bn| < 400 then

> o(Tn-1(), Tu()) < +o00
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L,
0 T1(j)

011 (j)
Og; (4)
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OPEN PROBLEM 11

What is the geometric significance of the argument of b,, to the
orbit T1(5), T2(4), ... 7
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topological groups
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MOBIUS GROUP

o Group of hyperbolic isometries of H3.

o Group of conformal automorphisms of C.
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THE CHORDAL METRIC

B 2w — z| 2
VI [wy/T+ 22

x(w, z)
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xo(f,9) = Sup x(f(2),9(2))

f,geM
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THE SUPREMUM METRIC

xo(f,9) = Sup x(f(2),9(2))

f,geM

The metric of uniform convergence.
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o (M, xo) is a complete metric space

o (M, xo) is a topological group
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MOBIUS GROUP

o (M, xo) is a complete metric space
o (M, xo) is a topological group
o right-invariant: xo(fk, gk) = xo(f,9)
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MOBIUS GROUP

e}

(M, x0) is a complete metric space

o

(M, xo) is a topological group

right-invariant: xo(fk, gk) = xo(f,9)
h(z) = 1/z is a chordal isometry: xo(hf, hg) = xo(f,9)

o

o



CONTINUED FRACTIONS MOBIUS MAPS HYPERBOLIC GEOMETRY TOPLOGICAL GROUPS

0000000000 000000000 0000000000000V 0000 0000000e000000
I

RECALL THE STERN-STOLZ THEOREM

Theorem. If ) |b,| converges then K(1|b,) diverges.
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KEY OBSERVATION

If b,, small then

tn(2)

:bn+z
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KEY OBSERVATION

If b,, small then

1

tn(z) = s

We must calculate xo(t, h).
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CALCULATE Xo(tpn, h)

X0 (tn7 h’)
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CALCULATE Xo(tpn, h)

XO(tny h) = XO(htm I)



CONTINUED FRACTIONS MOBIUS MAPS HYPERBOLIC GEOMETRY TOPLOGICAL GROUPS
0000000000 000000000 000000000000000000 00000000080000

CALCULATE Xo(tpn, h)

XO(tnyh) = XO(htmI)
= xo(z + bn, 2)
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CALCULATE Xo(tpn, h)

Xo(tn, h) = xo(htn, I)
= xo0(z + by, 2)
2|bn|
et V14 221+ |z + by 2
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CALCULATE Xo(tpn, h)

Xo(tn, h) = xo(htn, 1)
= xo(z + bn, 2)
2|bn|
et V14 221+ |z + by 2
< 2/by|
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CALCULATE xo(T;; %, T, L)

X0 (Tn_ ! ) Tnj:2)
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CALCULATE xo(T;; %, T, L)

Xo(Ty ', Tls) = Xo(tnsatnsa, 1)
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CALCULATE xo(T;; %, T, L)

Xo(Ty ', Tls) = Xo(tnsatnsa, 1)
= Xo(htn+1tni2, h)
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CALCULATE xo(T;; %, T, L)

xo(T, ' T ls) = Xo(tngitnga, 1)
= Xo(htn+1tni2, h)
< XO(htn+ltn+2a tn+2) + Xo (tn+2a h)
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CALCULATE xo(T;; %, T, L)

X0 (Tn_17 Tnj}2) tpt1tnto, I)
htp+1tny2, h)
htn+ltn+2u n+2) + XO( n+2; h)

tny1, h) + Xo(tni2, h)

X0
= Xo

/\/\/\/\

< X0
X0
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CALCULATE xo(T;; %, T, L)

X0 (Tn_l’ Tnj}2> X0(tnt1tng2, 1)
= Xo(htny1tnio, h)

(htnsitnre, tni2) + Xo(tnte, h)
(tn+1,h) + xo(tnt2, h)

< 2|bpy1| + 2|bp42]

< X0
X0
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If . [bn] < 400 then
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CONCLUSION

If . [bn] < 400 then

D xo(T, ' T,y < +oo.
n
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CONCLUSION

If . [bn] < 400 then

D xo(T, ' T,y < +oo.
n

Hence T. 2_n1_1 converges uniformly to a Moébius map f.
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CONCLUSION

If . [bn] < 400 then

D xo(T, ' T,y < +oo.
n

Hence T. 2_n1_1 converges uniformly to a Moébius map f.

Hence 15,1 converges uniformly to a Mobius map g.
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CONCLUSION

If . [bn] < 400 then

D xo(T, ' T,y < +oo.
n

Hence T 2_711_1 converges uniformly to a Mobius map f.
Hence 15,1 converges uniformly to a Mobius map g.

Hence T»,, = T5,_1t2, converges uniformly to gh, where
h(z) =1/z.
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CONCLUSION

In summary, if ) |b,| < 400 then there is a M6bius map g
such that
Tom-1—9  Ton— gh
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CONCLUSION

In summary, if ) |b,| < 400 then there is a M6bius map g
such that
Tom-1—9  Ton— gh

Hence

T5,-1(0) — ¢(0) 15,(0) — gh(0) = g(c0).
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Thank you!
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