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MOBIUS GROUP

o Group of hyperbolic isometries of H3.

o Group of conformal automorphisms of C.
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THE SUPREMUM METRIC

Denote the Mobius group by M.

xo(f,9) = sup x(f(2),9(2))

Ze(Coo

f,geM

The metric of uniform convergence.
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MOBIUS GROUP

o (M, xo) is a complete metric space
o (M, xo) is a topological group
o right-invariant: xo(fk, gk) = xo(f,9)
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MOBIUS GROUP

e}

(M, x0) is a complete metric space

o

(M, xo) is a topological group

right-invariant: xo(fk, gk) = xo(f,9)
h(z) = 1/z is a chordal isometry: xo(hf, hg) = xo(f,9)
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THE STERN-STOLZ THEOREM

Theorem. If ) |b,| converges then K(1|b,) diverges.
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HYPERBOLIC GEOMETRY PROOF (BEARDON)
L,
0 T1(j)
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TOPOLOGICAL GROUPS PROOF

ZXO(Tann+2) < Z |bn|

n

Ton—1— g To, — gh

T2n71(0) - 9(0) T2n(0) - g(OO)
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ToDAY

The Parabola Theorem

‘The queen of the convergence theorems’ (Lorentzen)

Topological groups techniques and hyperbolic geometry
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THE STERN—STOLZ SERIES
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THE PARABOLA THEOREM

Suppose that a, € P, for n =1,2,....Then K(ay|1) converges
if and only if the series

1

a

a

a2

az aiag a20a4

ajas asaq ajasas

diverges.
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o
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UNDERSTANDING THE THEOREM

What is the significance of the parabolic region?

What is the significance of the series?
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YEARS OF CONFUSION

Split the theorem in two.

Theorem involving the parabolic region.

Theorem involving the Stern—Stolz series.
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SCHEMATIC DIAGRAM

[ Parabola Theorem ]
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parabolic region Stern-Stolz series
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SCHEMATIC DIAGRAM

Parabola Theorem

~

parabolic region




BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 0®0000000000000 000000000000000 00000

MOBIUS TRANSFORMATIONS

WE =13



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 0®0000000000000 000000000000000 00000

MOBIUS TRANSFORMATIONS

WE =13

Tn:tlotQO"'Otn
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CONVERGENCE USING MOBIUS TRANSFORMATIONS

The continued fraction K(a,|1) converges if and only if
T1(0),T»(0),T5(0), ... converges.
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QUESTION

What does the condition a € P, signify for the map
H(z) = a/(1+2)?



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY

000000000000 00000000 000080000000 000 0000000000000 00 00000
I

ANSWER

The coefficient a belongs to P, if and only if ¢ maps a
half-plane H,, within itself.
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PROOF (a =0)

Parabola |a — 0| = |a — 0H|
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NEW CONDITION

tn(—1) =0 tn(c0) =0 tn(Hy) C Hy

Does T,, =ty oty 0---ot, converge at 07
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Hillam and Thron (Proc. Amer. Math. Soc., 1965)
Baker and Rippon (Complex Variables, 1989)
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CONCLUSION

If a,, € P, then there are points p and ¢ in H,, such that 75,1
converges on H, to p, and T, converges on H, to q.
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o an € P,

o tn(Ha) C H,

o refer to the literature

o Top—1 — pand Ty, — ¢
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SCHEMATIC DIAGRAM

Parabola Theorem

™~

Stern-Stolz series
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RECALL THE PARABOLA THEOREM

Suppose ay, € P,. Then K(a,|1) converges if and only if the
Stern—Stolz series diverges.



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY

000000000000 00000000 000000000000000 O®0000000000000 00000
I

RECALL THE PARABOLA THEOREM

Then K(ay| 1) converges if and only if the
Stern—Stolz series diverges.
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THE STERN—STOLZ SERIES

1 al a9 aj1as as2a4
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CONVERGENCE OF THE STERN—STOLZ SERIES

Gnp
1+ 2 z
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MOBIUS TRANSFORMATIONS

Sp=510820---08y,
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CONVERGENCE OF THE STERN—STOLZ SERIES

Is S, ~ 1,7
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RECALL SUPREMUM METRIC

(e]

x chordal metric

(¢]

M Mébius group

xo(f,9) = sup.ec.. x(f(2),9(2))
Xo right-invariant

o

o

o

(M, x0) a topological group

o

(M, x0) a complete metric space
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1 aq as

H1 = — Ho = — M3 =
al a9 ajas

lpa| + |p2| + 3| + - -

Son—1(2) = —— Son(2) = panz
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XO(SnTn_la SnflTn__ll) Sntgla Snfl)
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CALCULATION

Xo(Sn Ty Y, Suc1 T t)) = xo(Saty, Snot)

o(I, Sn—1tnSpt)
(I,S,0(1+2)0Sh

(1, pn + 2)
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X
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SUMMARY
1 aq as ajas as2a4
— |+ =]+ + + 4o < Fo0
ay a2 aijas G204 aijazas

if and only if

ZXO(SnTn_la SnflTn—_ll) < 400
n
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CONVERGENCE OF THE STERN—STOLZ SERIES

> xo(SnT b, Spa T, ) < +o0
n

There exists Mobius f such that xo(S,T,; !, f) — 0.
Let g = f1.

XO(gSn7 Tn) — 0
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OSCILLATION

So if T), ~ ¢Sy, then Ty, 1 — g(00) and Ty, — ¢(0).



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 000000000000000 000000000000080 00000

OSCILLATION

Action of Ty, _1



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 000000000000000 000000000000080 00000

OSCILLATION

Action of Ty,



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 000000000000000 00000000000000e 00000

OPEN PROBLEM III



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 000000000000000 00000000000000e 00000
:

OPEN PROBLEM III

What is the significance, if any, of the many other versions of
the Parabola Theorem?



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY

000000000000 00000000 000000000000000 0000000000000 0e 00000
I

OPEN PROBLEM III

What is the significance, if any, of the many other versions of
the Parabola Theorem? (See earlier references and Lorentzen
and Waadeland book.)



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 000000000000000 000000000000000 00000

HYPERBOLIC GEOMETRY



BACKGROUND PARABOLA THEOREM
000000000000 00000000

PARABOLIC REGION
000000000000000

STERN-STOLZ SERIES
000000000000000

HYPERBOLIC GEOMETRY
00000

HYPERBOLIC SPACE

*J

H3



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 000000000000000 000000000000000 0@000

HYPERBOLIC GEOMETRY

Son_1(z) = ——— Son(2) = ponz
on—1(2) pr— on(2) = pi2



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 000000000000000 000000000000000 0@000
:

HYPERBOLIC GEOMETRY



BACKGROUND PARABOLA THEOREM PARABOLIC REGION STERN-STOLZ SERIES HYPERBOLIC GEOMETRY
000000000000 00000000 000000000000000 000000000000000 0@000
:

HYPERBOLIC GEOMETRY

Hon—12
1 z
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HYPERBOLIC GEOMETRY

1
Son_1(z) = Son(2) = ponz
on—1(2) pr— on(2) = pi2
1 z
S5l (2) = Solz)y= =
an-1(%) Hon—1% 20 (2) H2n

If |pn| < 1 then

exp [—p(j, S5, (5))]
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HYPERBOLIC GEOMETRY

1
Son_1(z) = Son(2) = ponz
on-1(2) pr— on(2) = 2
Syl () = — Syl = =
2n—1 Uon—17% 2n Lon
S 0) =

If |pn| < 1 then

exp [0, 5 0] =eww |~1ox ()

|t
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1
Son_1(z) = Son(2) = ponz
on-1(2) pr— on(2) = 2
Syl () = — Syl = =
2n—1 Uon—17% 2n Lon
S 0) =

If |pn| < 1 then

exp [0, 5 0] =eww |~1ox ()| =l

[Fan]
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EQUIVALENT CONDITIONS

az aiag a20a4

+ 4 < o0

aijas a20a4 aijazas

D Xo(STy ' Sn T Y) < 4o
n

Y nexpl—p(j, Sn(j))] < +oo and oo is the only (conical) limit
point of S,

> expl—p(j, Tn(j))] < +o00 and oo is the only conical limit
point of T},
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