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ToDAY

Sets of divergence

Hausdorff dimension of sets of divergence for continued fractions
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JULIA SETS

a4

Julia set of f(z) = 22 +1
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KLEINIAN GROUPS

Discrete subgroups of M.

Kleinian groups are countable.
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Limit set of a Schottky group
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COMMON FEATURES

o A sequence Fi, Fy, ... of holomorphic maps of C.
o The derived set J of

U{z : Fo(2) = w},
n=1

is, generally, independent of w.
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COMMON FEATURES

o A sequence Fi, Fy, ... of holomorphic maps of C.
o The derived set J of

oo
Utz : Fu(z) = w},
n=1

is, generally, independent of w.

o The complement of J is the largest open set on which
Fy, Fs, ... is a normal family.
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THEOREM TO BE PROVED TODAY

Given positive integers by, ba, ..., let

1

b [
2+b3_|_...

Then T, (z) converges to p for all points z outside a subset of
(—o0, —1) of Hausdorff dimension 0.
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THEOREM TO BE PROVED TODAY

Given positive integers by, ba, ..., let
1
. b1 + !
1 ba + !
2 bs+---

Then T, (z) converges to p for all points z outside a subset of
(—o00, —1) of logarithmic Hausdorff dimension 1.
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OPEN PROBLEM 1V

How are the coefficients of K(1|b,) related to the (logarithmic)
Hausdorff dimension of the associated set of divergence?
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my(X) = lims g inf,, <5 > 7t
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LOGARITHMIC HAUSDORFF DIMENSION

Instead of f(x) = x'....

. use f(z) = —1.
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MOBIUS TRANSFORMATIONS

o Conformal automorphisms of C..

o Conformal hyperbolic isometries of H?.
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NOTATION

1

= T, =tioteo---0t
bn—l—Z n 1 2 n

tn(2)

T (00) = Th—1(tn(00)) = T5—-1(0)
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IMPORTANT REMARK

If b,, are real (if they are integers, for example) then 75, (7)
remains in the vertical half plane.
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THE FAREY GRAPH

Vertices = Q

Join ¢ to g if and only if |ad — bc| = 1.
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A CORRESPONDENCE

Integer continued fractions

Paths from oo in the Farey graph
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MORE ABOUT THE FAREY GRAPH

Continued fractions from the Farey graph

Alan Beardon, Meira Hockman, and Ian Short
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OPEN PROBLEM V

Give necessary and sufficient conditions for an integer continued
fraction K(1|b,,) to converge.
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Zexp[—sp(zn,j)] < +oo for each s >0
n=1
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RAPID ESCAPE

planij) =00 fast

Zexp[—sp(zn,j)] < +oo for each s >0
n=1

That is, the sequence has critical exponent 0.
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RAPIDLY SHRINKING GEODESICS
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ANGLE OF PARALLELISM LEMMA

cosh p(4,7) = .2
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SOME EQUATIONS

exp[—p(J, Tn(7))]
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expl=pl TN S SR oG TG
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SOME EQUATIONS

exp[—p(j, Tn(4))] < cosh[p(j, T ()]

S coshlp (. Tn ()]
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SOME EQUATIONS

exp[—p(J, Tn(j))] < cosh[p(j, Tn(7))]

1
S coshpU. Tn ()]
_|Tu(0) = Tu(o0)
2
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SOME EQUATIONS

expl—p(4, Tn(4))] < cosh[p(j, Tn(4))]
1

S cosh[p(j, Tn(7))]

_ |T(0) = Th(o0))|
2

1
< o
on
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CONCLUSION

> expl-sp( Ta()] € 3 g < o0

n=1 n=1



THEOREM PROOF
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o
> expl—sp(j, T,

n=1

oo
1
Z ns

n=1

Hence T, (7) is a rapid escape sequence.
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THEOREM PROOF
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RECALL OUR OBJECTIVE

For positive integers b1, bs, .. .,
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RECALL OUR OBJECTIVE

For positive integers by, bo, . .., show that T),(z) converges to a
constant p for all points z outside a subset of (—oo, —1) of
Hausdorft dimension 0.
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SWITCH TO BACKWARDS ORBITS
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SWITCH TO BACKWARDS ORBITS
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BACKWARDS ORBIT ACCUMULATES IN (—o0, —1)



Accumulation.swf
Media File (application/x-shockwave-flash)
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The sequence T),(c0) converges to a constant p.
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The sequence T),(c0) converges to a constant p.

For which other z does T),(z) converge to p?
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Choose a point z outside (—oo, —1).
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z ¢ (—o0,—1)
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z ¢ (—o0,—1)
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z ¢ (—o0,—1)
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Choose a point z inside (—oo, —1).
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z € (—o0,—1)
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In summary, T,,(z) does not converge to p if and only if there
are infinitely many blue points.
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In summary, T,,(z) does not converge to p if and only if there
are infinitely many blue points.

More formally, T,,(z) does not converge to p if and only if z lies
in the conical limit set of T,,.
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In summary, T,,(z) does not converge to p if and only if there
are infinitely many blue points.

More formally, T,,(z) does not converge to p if and only if z lies
in the conical limit set of T,,.

How big is this conical limit set?
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RECALL THAT p(T,,;1(5),7) — oo rapidly

[ ]
°
°
[ ]

[ ]

— -
1 1 1 1 1
8 16 4
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FINALE

Since the conical limit set consists of those points that lie in
infinitely many shadows, it has Hausdorff dimension 0.
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