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Abstract

An S-colouring of a cubic graph G is an edge-colouring of G by points of a
Steiner triple system S such that the colours of any three edges meeting at a vertex
form a block of S. A Steiner triple system which colours every simple cubic graph is
said to be universal. It is known that every non-trivial point-transitive Steiner triple
system that is neither projective nor affine is universal. In this paper we present
the following results.

(1) We give a sufficient condition for a Steiner triple system S to be universal.
(2) With the help of this condition we identify an infinite family of universal

point-intransitive Steiner triple systems that contain no proper universal subsystem.
Only one such system was previously known.

(3) We construct an infinite family of non-universal Steiner triple systems none
of which is either projective or affine, disproving a conjecture made by Holroyd and
the last author in 2004.

1 Introduction

This paper is concerned with edge colourings of cubic graphs by points of a Steiner triple
system (STS), such that the colours of any three edges meeting at a vertex form a triple
of the STS. This kind of colouring was introduced by Archdeacon [1] in 1986. Of course, if
the chromatic index of the cubic graph is 3, then the edges can be coloured by any single
triple of any Steiner triple system, so the significance of the work is when the chromatic
index is 4.

The first important result in this direction was due to Holroyd and Škoviera [7] who
proved that every bridgeless cubic graph, with or without parallel edges, can be coloured
by any non-trivial Steiner triple system. This result is best possible, because cubic graphs
having simultaneously bridges and parallel edges may fail to have a colouring by any STS.
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The simplest instance of such a situation occurs when a cubic graph contains two vertices
u and v joined by a double edge and a third vertex w joined to both u and v; the third
edge from w is a bridge. In general, a cubic graph (with parallel edges allowed) has a
colouring by at least one STS if and only if none of its bridges is attached to what is called
a series-parallel end [5, 15]. Nevertheless, if a cubic graph can be coloured by a certain
Steiner triple system S and contains a pair of parallel edges, then so can the graph formed
by contracting these two edges and suppressing the resulting 2-valent vertex. It follows
that the study of the existence of colourings of cubic graphs by Steiner triple systems can
be restricted to simple cubic graphs.

Perhaps somewhat surprisingly, one of the best known geometric examples of Steiner
triple systems, the projective systems PG(n, 2), do not colour any cubic graph containing
a bridge. Further, the affine systems AG(n, 3) do not colour any cubic graph containing
a bridge and having what is called a bipartite end [7]. But Steiner triple systems which
colour every simple cubic graph do exist and are called universal systems. The first one
of these, of order 381, was given in [5]. Pál and Škoviera [15] improved this result by
identifying a subsystem of order 21 of the previous system that is also universal. Very
significant progress was then made in [11], where it was proved that every non-trivial
point-transitive Steiner triple system that is neither projective nor affine is universal. So,
in particular, the smallest universal system is the cyclic Steiner triple system of order 13.
In fact, the non-cyclic Steiner triple system of order 13 is also universal [11], being the
only known point-intransitive system that is minimally universal – one that does not
contain a proper universal subsystem.

Here we focus our attention on point-intransitive STS. First, we describe an infi-
nite family of minimally universal point-intransitive Steiner triple systems based on the
Wilson-Schreiber construction [16, 17]. The smallest member of the family has order 15.
In order to be able to prove that these systems are universal we establish a sufficient
condition using the existence of certain “small” configurations in the system. Some of
these results, without proof, were announced in [6]. Second, we identify an infinite family
of point-intransitive Steiner triple systems which are not universal, thus showing that the
situation in regard to point-intransitive systems merits further investigation. However,
both families admit non-identity automorphisms, so the situation for automorphism-free
STS is completely open.

Finally, we should add that there are interesting connections between Steiner triple
systems and several difficult conjectures such as the cycle double cover conjecture and the
Fulkerson conjecture. These are discussed in [1, 12, 13].

2 Preliminaries

A Steiner triple system S = (X,B) of order v is a collection B of three-element subsets,
called triples or blocks, of a set X of v points such that each pair of distinct points is
together present in exactly one block. If each pair of distinct points is contained in at
most one block, then S is said to be a partial Steiner triple system or a configuration.
It is well known that Steiner triple system of order v exists if and only if v ≡ 1 or 3
(mod 6), see [10] or [2].

Two infinite classes of Steiner triple systems are of particular interest. The projective
Steiner triple system PG(n, 2), n ≥ 2, has Zn+1

2 − 0 as its point set, the blocks of the
system being triples {x, y, z} of points such that x+ y + z = 0. The affine Steiner triple
system AG(n, 3), n ≥ 2, has point set Zn

3 , the blocks of the system being again the triples
with zero sum. The first of these classes includes the smallest non-trivial Steiner triple
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system PG(2, 2), the Fano plane of order 7, while the second class contains the second
smallest non-trivial Steiner triple system AG(2, 3), the affine plane of order 9.

Given a Steiner triple system or a configuration S, an S-colouring of a cubic graph G
is a colouring of the edges of G by points of S such that the colours of any three edges
meeting at a vertex form a triple of S. A weak S-colouring allows the colours at a vertex
either to be identical or to form a triple of S. A vertex where all three colours are identical
is called a weak vertex. A weak S-colouring where S is the trivial STS will be simply
called a weak 3-colouring. Weak 3-colourings are closely related to colourings by affine
Steiner triple systems which will be heavily exploited in the next section. In particular, it
was shown in [7] that a pair (Φ1,Φ2) of weak 3-colourings of G with disjoint sets of weak
vertices is equivalent to an AG(2, 3)-colouring of G.

In the context of colourings it is often helpful to transform a Steiner triple system or
a configuration into another one by using a homomorphism. A homomorphism C → C ′
of two configurations C and C ′ is a mapping that sends vertices of C to vertices of C ′ and
makes each block of C a block of C ′. In particular, the restriction of a homomorphism to
any block must be a bijection.

An S-colouring combined with a homomorphism S → T yields a T -colouring. More
precisely, if Φ is an S-colouring of a cubic graph G and Ψ: S → T is a homomorphism of
Steiner triple systems or configurations, then ΨΦ: E(G) → T is a T -colouring of G. A
similar statement holds for weak colourings.

3 Universal systems and rooted configurations

The purpose of this section is to establish a sufficient condition for a Steiner triple system
to be universal. The condition is based on the possibility of mapping certain certain
“small” configurations homomorphically to the system.

A rooted configuration is a configuration with one distinguished point, its root. A rooted
homomorphism C → C ′ is a homomorphism that takes the root of C to the root of C ′.
Our result makes use of eight rooted configurations shown in Figures 1-3 and constituting
the set U = {C0, C1, . . ., C7}. The first of them, the configuration C0, coincides with
the configuration D9 from [7]; it is contained in the affine plane AG(2, 3) and has root
at the point (0, 0). The configurations C3, C4, . . . , C7 are related to configurations that
were employed in [11], in some cases only implicitly, to prove that every non-projective
non-affine point-transitive STS is universal.

For a set P of points of a Steiner triple system S let S[P ] denote the configuration
whose points are the elements of P and whose blocks are the blocks of S with all points
from P . We can convert S[P ] into a rooted configuration (S[P ], y) by choosing any point
y ∈ P as its root.

Theorem 3.1. Let S be a Steiner triple system and let P be a set of points of S. Suppose
that for every configuration Ci ∈ U and for every point y ∈ P there exists a rooted
homomorphism Ci → (S[P ], y). Then S is universal.

Proof. Let S be a Steiner triple system and let P be a set of points of S that satisfy the
conditions of our theorem; it follows from these assumptions that the configuration S[P ]
has no isolated points. Let G be an arbitrary simple cubic graph. We intend to show
that G admits an S-colouring; in fact, we show that G has an S[P ]-colouring. By [7,
Theorem 1.2], we may suppose that G is connected but not bridgeless.

We first disconnect G by cutting each bridge of G into two half-edges. The resulting
components are constituents of G. Next we order the constituents of G into a sequence
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in such a way that each constituent B has exactly one bridge leading to a preceding
constituent. We denote the corresponding half-edge of B by hB and call it the root
half-edge.

To establish the theorem it is sufficient to prove that each constituent B of G has the
following property.

(*) For each half-edge h of B and for each point y ∈ P there exists an S[P ]-colouring
of B such that h receives the colour y.

Having all such colourings, we can can easily construct an S[P ]-colouring of the en-
tire G. Indeed, choose an arbitrary S[P ]-colouring for the initial constituent B0 and
proceed inductively. For the induction step, pick the first constituent B 6= B0 not yet
coloured and consider an S[P ]-colouring of the subgraph GB formed by the union of all
constituents preceding B. By the chosen ordering, hB is the only edge of B already
coloured, its colour being some point y ∈ P . Since there exists an S[P ]-colouring of
B such that hB receives the colour y, the current colouring can be extended into an
S[P ]-colouring of GB ∪B, and eventually into an S[P ]-colouring of all of G.

It remains to show that each constituent that may occur in G has property (*). By the
assumptions of our theorem, for every point y ∈ P there exists a rooted homomorphism
Ci → (S[P ], y). It follows that it is sufficient to prove the following.

(**) Every constituent B has a Ci-colouring, for some Ci ∈ U, such that hB is coloured
by the root of Ci.

We call such a colouring a rooted Ci-colouring of B. To prove that every even con-
stituent has a rooted C0-colouring we distinguish between several types of constituents.
We say that a constituent is strong if it contains a subdivision of the complete graph K4,
otherwise we call it weak. We call a strong constituent even or odd depending on whether
it has an even or odd number of half-edges, respectively.

We treat the weak constituents first.

Claim 1. Every weak constituent has a rooted colouring by the trivial Steiner triple system.

Let B be a weak constituent. Then by removing the half-edges from B we obtain
a simple series-parallel graph B− with maximum valency three. Here we are using a
well-known characterisation of series-parallel graphs [3] as exactly those that contain no
subdivision of K4. In [5, Lemma 3.1] it is shown that series-parallel graphs with maximum
valency three are 3-edge-colourable (see also [9, Theorem 3.1]). Hence, B− is I-colourable
by any trivial subsystem I ⊆ S[P ]. By properly choosing I and applying a suitable
permutation of colours in I we can achieve that in the unique extension of the colouring
of B− to a colouring of B the colour of the root half-edge hB is any selected point y ∈ P .
This proves Claim 1.

From this point on we deal with strong constituents. Let B be a strong constituent and
let hB be its root half-edge. In order to find an S[P ]-colouring of B where hB receives
a preassigned colour we arrange the half-edges of B into pairs, leaving no unmatched
half-edges unless B is odd, in which case the remaining half-edge is hB. Let B′ be the
graph produced by identifying each pair of half-edges into a regular edge, with root arising
from hB; if B is even, we let eB denote the regular edge arising from hB. Clearly, if B′

has a rooted S[P ]-colouring, then so has B.
If B′ contains a pair of parallel edges, we may contract them and suppress the resulting

2-valent vertex to obtain a smaller graph still containing a subdivision of K4. Clearly, if
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this graph has the required S[P ]-colouring, then so does B′. We may therefore assume
that B′ is simple.

We proceed to even constituents.

r=00

0201

1012 11

21 20 22

Figure 1: Configuration C0

Claim 2. Every even constituent has a rooted C0-colouring.

Let B be an even constituent. Then B′ is a bridgeless cubic graph, and we may apply
[4, Lemma 3.8] to conclude that B′ admits a perfect matching F with complementary
2-factor F ′ such that eB ∈ F and the graph B′/F ′ obtained from B′ by contracting
each component of F ′ into one vertex has no 3-edge-cut. By Jaeger’s 4-flow theorem [8],
B′/F ′ has a nowhere-zero Z2 × Z2-flow. For each non-zero value i ∈ Z2 × Z2 we form
the subgraph Ti of B′/F ′ by including in Ti all edges that carry the value i. Then Ti is a
parity subgraph of B′/F ′, which means that the valency of each vertex in B′/F ′ − E(Ti)
is even. By identifying the non-zero elements of Z2 × Z2 with the numbers 1, 2, and 3
we obtain a decomposition of B′/F ′ into three edge-disjoint parity subgraphs T1, T2, and
T3. We can clearly assume that eB belongs to T3. We can further assume that T1 and T2

are acyclic because every circuit from T1 or T2 can be moved to T3 without disturbing the
parity property.

We now employ the structure defined above to construct a C0-colouring Φ of B′ such
that Φ(eB) = (0, 0). The colouring Φ will be expressed in the form Φ = (Φ1,Φ2) where
Φ1 and Φ2 are two weak 3-colourings with disjoint sets of weak vertices.

Let i ∈ {1, 2}. To define the colouring Φi we start by setting Φi(x) = 0 whenever
the edge x belongs to F − E(Ti). We then colour every edge of Ti ∪ F ′ by either 1 or 2
using the following procedure. We first order the vertices of B′/F ′ in such a way that for
every vertex v there exists at most one edge in Ti leading to v from a predecessor vertex;
since Ti is a forest, such an ordering exists. We order the circuits of F ′ accordingly and
process them in the given order. In each step, we colour the edges of the circuit together
with the incident edges that have not yet been coloured. Let Z = (v0v1 . . . vn−1) be the
circuit in question, with indices reduced modulo n. Let yj be the edge of F incident
with vj; each chord of Z thus obtains two labels. Without loss of generality we may
assume that the edge of Ti which has already been coloured in an earlier step leads to v0.
Set Φi(v0v1) = Φi(y0) and process the edges of the circuit Z in the cyclic order so that
Φi(vjvj+1) = Φi(vj−1vj) if and only if yj belongs to Ti. This procedure uniquely determines
the colours of all edges incident with Z, and will colour the edges of F − Ti incident with
Z with colour 0, as initially prescribed. In particular, the latter is true for all chords
of Z. Since the set of weak vertices of Φi coincides with the set of all edges of B′ that are
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incident with a vertex of Ti, the colourings Φ1 and Φ2 have disjoint sets of weak vertices.
It follows that Φ is an AG(2, 3)-colouring of B′. Observe that if the circuit Z is even and
all the edges of F incident with Z belong to T3, then Φ will colour the edges of Z either
alternately (1, 1) and (2, 2) or alternately (1, 2) and (2, 1). For a subsequent use of the
colouring Φ we may choose, without loss of generality, the latter possibility.

Summing up, each vertex will have its three incident edges coloured with one of the
following blocks: {(0, 0), (1, 2), (2, 1)}, {(0, 0), (1, 1), (2, 2)}, {(1, 2), (1, 0), (1, 1)}, {(2, 1),
(2, 0), (2, 2)}, {(1, 2), (0, 2), (2, 2)}, and {(2, 1), (0, 1), (1, 1)}. Since eB is in T3, we have
Φ(eB) = (0, 0). In other words, we have constructed a C0-colouring of B′ such that the
edge eB receives the root colour. Claim 2 now follows.

We are now left with odd constituents. Given an odd constituent B, we again consider
the graph B′ that arises from B by identifying the half-edges in pairs leaving a single
unmatched half-edge hB. Let e1 = uw and e2 = wv be the two edges adjacent to hB

in B′, and let e be the edge obtained from e1 and e2 by suppressing their common end-
vertex w. Let B′′ be the resulting cubic graph. In the next two claims we treat two cases
depending on whether B′′ is, or is not, 3-edge-colourable.
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Figure 2: Configuration C1 (left) and C2 (right)

Claim 3. Let B be an odd constituent such that B′′ is not 3-edge-colourable. Then B has
a rooted C1-colouring or a rooted C2-colouring.

In the previous claim we have shown that every bridgeless cubic graph admits a C0-
colouring such that an arbitrarily specified edge receives the root colour (0, 0). Take such
a colouring Φ for B′′ and let Φ(e) = (0, 0). By setting Φ(e1) = Φ(e2) = Φ(hB) = (0, 0) we
derive from Φ a weak C0-colouring of B′, still denoted by Φ, with w being its only weak
vertex. Our aim is to modify Φ into a rooted Ci-colouring of B′, for some i ∈ {1, 2}. In
doing it we keep the meaning of the symbols F , F ′, and Ti, i ∈ {1, 2, 3}, introduced in
the proof of Claim 2.

Since B′′ is not 3-edge-colourable, in B′′/F ′ there exists a vertex of odd valency, and
therefore a vertex incident with an edge of each Ti. Choose a vertex z1 of B′′ in such a
way that z1 is incident with an edge in T1 ∪ T2 and a path P = z1z2 . . . zr joining z1 to an
end-vertex zr of e is shortest possible. Let Zj be the circuit of F ′ corresponding to the
vertex zj of P , j = 1, 2 . . . , r. By the choice of z1, the circuits Z2, Z3, . . . , Zr are all even.
Further, let kj = ajbj, j = 1, 2, . . . , r − 1, be the edge of B′′ mapped by the contraction
to the edge zjzj+1 of B′′/F ′ with aj in Zj and bj in Zj+1. Without loss of generality we
may assume that Zr contains u. Further, Z1 contains a vertex t incident with an edge k0
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of T1 such that one of the segments of Z1, say S, delimited by k0 and k1 contains no other
edge of T1 ∪ T2. Also, set kr = e1 and ar = u.

Recall that Φ colours the edges of each Zj alternately (1, 2) and (2, 1). Since k0 belongs
to T1, we may assume that its colour is (1, 0). It follows that the edges of Z1 incident
with k0 have colours (1, 1) and (1, 2). Let S be the segment of Z1 delimited by k0 and k1

starting from w with the edge coloured (1, 2). Let T ′ denote the subtree of T1 delimited
by k0 and not containing z1. First, we recolour k0 from (1, 0) to (2, 0) and consequently
perform all the induced changes in T ′ and in the circuits of F ′ corresponding to the
vertices of T ′. Except at t and w, the modified colouring Φ′ is a C0-colouring of B′.

Next, we construct a t-u path P ′ in B′ such that E(P ′∩F ) = E(P ) = {k1, k2, . . . , kr−1}
and at the same time modify the colouring Φ′ into a rooted Ci-colouring Φ′′ of B′, for some
i ∈ {1, 2}. For the initial portion of P ′ we take the segment S from t to a1 followed by the
edge k1. Assume inductively that we have already constructed the portion P ′[t, bj] of P ′

up to the vertex bj ending with the edge kj. We extend P ′[t, bj] with the path Sj+1kj+1

where Sj+1 is the segment of Zj+1 between bj and aj+1 which starts with the edge having
the same colour in Φ′ as has the edge immediately preceding kj. This process clearly
terminates when kr = e1 is included in P ′.

We define Φ′′ by first replacing on P ′ the colour (1, 2) with α1, the colour (2, 1) with
α2 and then recolouring each edge kj with the colour βm, m ∈ {1, 2}, if kj is preceded
by the edge of colour αm. Eventually, the edge kr receives a colour βl with l ∈ {1, 2},
and hB receives the root of the configuration Cl. Since the edges at both ends of each kj,
j = 1, 2, . . . , r− 1, are coloured by the same pair of colours contained in a block of Cl, the
resulting colouring is a correct rooted Cl-colouring. This completes the proof of Claim 3.

The next two claims deal with constituents B for which B′′ is 3-edge-colourable. First,
in Claim 4, we treat the case where B′′ is Hamiltonian. We fix a Hamilton circuit H in
B′′ and colour B′′ in such a way that the edges of H and the chords of H receive disjoint
sets of colours. The final Claim 5 treats the general 3-edge-colourable case by using a
reduction to the previous Hamiltonian case. In order to make this reduction possible we
need, in each configuration Ci, for i ∈ {3, 4, . . . , 7}, a special colour different from the
root, called the head and denoted by t, such that t lies in a common block of Ci with
every colour that can occur on a chord.

Claim 4. Let B be an odd constituent such that B′′ has a Hamilton circuit not containing
the edge e. Then B has a rooted Ci-colouring for some i ∈ {3, 4, . . . , 7} such that the
colour of each chord and of e2 is in a common block with the head t.

To prove this claim we first colour the edges of B′ with abstract colours α, β, . . . , and
then verify that there exists a configuration Ci with i ∈ {3, 4, . . . , 7} such that the triples
of colours that meet at vertices are blocks of Ci, with the root being used on hB.

Let H be a Hamilton circuit of B′′. We intend to colour B′ in such a way that chords
of H will typically be coloured by the colour α; exceptions to this rule will be explicitly
mentioned. The colour α will never appear on H.

The proof of Claim 4 splits into two main cases and several subcases depending on
the position of chords of H with respect to H. We say that two chords of H cross each
other if their ends on H alternate.

(1) First assume that the end-vertices u and v of e delimit on H two even u-v paths
P1 and P2. We colour the chords of H by α, the edges of P1 alternately by colours β
and γ, the edges of P2 alternatively by δ and ε, the edge e1 by ζ, and the edge e2 by η. It
is easy to see that to colour B′ we have only used blocks of C3. Furthermore, the chords
of H are coloured by α and e2 has colour η. Note that both α and η are in a common
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Figure 3: Configurations C3, . . . , C7. Colours that can occur on chords are underlined.
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block with t, as claimed.
(2) Now assume that e delimits on H two odd paths.
(2.1) Suppose there exists a chord f = tz of H such that t and z delimit two even

paths on H. We colour the chords of H different from e and f by α. The chord f will be
coloured by κ. We colour e1 by α and e2 by η.

(2.1.1) If f crosses e, then without loss of generality we may assume that, with respect
to a fixed orientation of H, the vertices u, v, t, and z divide H into four segments H[u, t],
H[t, v], H[v, z], and H[z, u]. Further we may also assume that H[u, t] is odd, implying
that H[z, u] is also odd, and both H[v, t] and H[z, v] are even.

We colour the segment H[z, t] alternately β and γ, then we colour the segment H[t, v]
alternately ε and δ, and the segment H[v, z] alternately ξ and θ. It is easy to see that this
colouring of B′ only uses blocks of C4. Note that the chords of H are coloured by one of
α or κ and the edge e2 is coloured by η. Each of these colours is contained in a common
block with t, as required.

(2.1.2) In this case u and v delimit two odd paths on H and there is a chord f = tz
which delimits two even paths on H but does not cross e. Without loss of generality the
cyclic order of the end-vertices of e and f on H is u, v, t, and z. Further, we may assume
that the segment H[v, t] is even. This uniquely determines the parities of lengths of the
four segments H[u, v], H[v, t], H[t, z], and H[z, u]. It follows that the segment H[z, v] is
even and we colour it alternately θ and ξ. We colour the segment H[t, z] alternately γ
and β, the segment H[v, t], which is even, δ and ε. It is easy to see that this colouring of
B′ only uses blocks of C4. Observe that the colours used on the chords of H and on e2
are the same as in the case (2.1.1).

(2.2) The end-vertices of every chord split H into two odd paths. (2.2.1) Suppose that
there exists a chord f = tz crossing e. Without loss of generality, the cyclic order of the
end-vertices of e and f on H is u, t, v, and z. We may further assume that the segment
H[u, t] is odd. We colour the segment H[u, t] alternately β and γ, H[t, v] alternately η
and ζ, H[v, z] alternately θ, λ, and H[z, u] alternately ε and δ. The colour of e1 will be
µ and the colour of e2 will be ν. As above, the chord f will be coloured by κ. It is easy
to see that this colouring of B′ only uses blocks of C5. The colours that can occur on
the chords of H and on e2 are α, ν, and κ. As above, each of these colours occurs in a
common block with t.

(2.2.2, 2.2.3) Suppose that there is no chord crossing e. Since B′ has no parallel edges,
there must be two mutually crossing chords f1 = t1z1 and f2 = t2z2 such that t1t2 is an
edge of H. Without loss of generality we may assume that the cyclic order of the end-
vertices of e, f1, and f2 on H is u, v, z1, t2, t1, and z2. The segments H[u, v] and H[t2, t1]
are odd and the segments H[z1, t2] and H[t1, z2] are even. Moreover, the segments H[v, z1]
and H[z2, u] have the same parity. We colour the segment H[u, v] alternately β and γ,
the segment H[z1, t2] alternately ζ and ε, the segment H[t1, z2] alternately θ and η, and
the edge t1t2 receives the colour δ. Further we colour the segment H[z2, u] alternately µ
and ν and the H−1[z1, v] alternately κ and λ. Finally, we colour f1 and f2 by φ and π,
respectively, and e1 and e2 by σ and ρ, respectively. It is easy to see that if the segments
H[v, z1] and H[z2, u] are even, to colour B′ we have only used blocks of C6, otherwise, we
have only used blocks of C7. Furthermore, the colours that can occur on the chords of H
and on e2 are α, π, φ, and σ. As above, each of these colours lies in a block containing t.
This proves Claim 4.

Our final step is to prove that every odd constituent B such that B′′ is 3-edge-
colourable has a rooted Ci-colouring with i ∈ {3, 4, . . . , 7}. The proof is, essentially, a
reduction to the preceding Hamilton case.
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Claim 5. Let B be an odd constituent such that B′′ is 3-edge-colourable. Then B has a
rooted Ci-colouring for some i ∈ {3, 4, . . . , 7}.

Consider a 3-edge-colouring of B′′ with colours 1, 2, and 3, such that the edge e = uv
receives colour 1. The other two edges incident with u are contained in the unique circuit
alternately coloured 2 and 3; let C denote this circuit. We construct an auxiliary Hamilton
graph D′′ with C being its Hamilton circuit. To define the chords of C in D′′ observe that
for every vertex x on C there is a unique alternating 1-2-path Px,y beginning at x and
ending at a vertex y on C such that Px,y has no other vertices on C. Clearly, Px,y = P−1

y,x .
We now construct D′′ from C by representing each such path Px,y with an edge joining
x to y. In D′′ we subdivide the chord ending at u with an additional vertex and add
a half-edge h ending at that vertex. The resulting graph, denoted by D′, is cubic and
bridgeless, and h is its only half-edge. By Claim 4, D′ has a rooted Cl-colouring Ψ by a
configuration Cl from {C3, C4, . . . , C7} such that the colour of each chord of C and of e2 is
in a block with t in Cl. Our aim is to modify the colouring Ψ into a Cl-colouring of B′.

In B′, we keep the colours assigned to the edges of C by the colouring Ψ unchanged.
Further, we colour all the edges of B′ not lying on C and originally coloured 3 with the
colour t. We also choose a point ω from any block containing t and assign all the edges
originally coloured 1 and not lying on any Px,y the colour ω. Consider a path Px,y, taken
in B′′, that does not contain e and let Ψ(xy) = ξ in D′′. We colour the edges of Px,y

having colour 1 in the original 3-edge colouring of B′′ with colour ξ. Let Pu,z be the path
which in B′′ contains e as its first edge. We keep the colours for e1 and e2 and starting
with e2 we colour every second edge of Pu,z with the colour Ψ(e2); in particular the last
edge of Pu,z receives the colour Ψ(e2). The only edges that have not yet been coloured
are the edges originally coloured 2 and not lying on C. Observe that each such edge has
both its ends incident with edges already coloured and the two pairs of colours coincide
and lie in the same block. Thus the partial colouring of B′ can be uniquely extended to a
colouring of the entire B′, and the resulting colouring is a rooted Cl-colouring of B′. This
concludes the proof of Claim 5 as well as that of Theorem 3.1.

4 Universal point-intransitive STS

In [11], it was proved that all cubic graphs are S-colourable for every non-projective, non-
affine, point-transitive Steiner triple system S. In this section we establish a contrasting
result that there also exists an infinite class of universal Steiner triple systems that are
point-intransitive and are minimal in the sense that they do not contain any universal
Steiner triple system of a smaller order. We will use the Wilson-Schreiber construction,
first given in [16] and [17], which can be described as follows.

Consider an Abelian group A of order n ≡ 1 or 5 (mod 6), with operation written
additively. We construct a Steiner triple system S of order v = n + 2 whose points
are the elements of A (called numeric points) and two additional points X and Y . The
construction applies only when, for every prime divisor p of n, the multiplicative order of
−2 (mod p) is even. We call such a group admissible. Observe that if n is the order of
an admissible group, then neither 2 nor 3 divides n. As examples, the groups Z5, Z7, and
Z13 are admissible, but Z11 and Z19 are not.

Let us start the construction of a Wilson-Schreiber system with listing all unordered
triples 〈a, b, c〉 of elements of A such that a+ b+ c = 0, with repeated entries allowed. We
call them pre-blocks of S. These fall into three different types.

(I) Triples 〈a, b, c〉 where a, b, and c are pairwise distinct. For each such triple form the
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set {a, b, c} and include it S.

(II) Triples 〈a, a,−2a〉 where a ∈ A− 0. This collection of pre-blocks can be partitioned
into orbits under the action of the mapping z 7→ −2z, z ∈ A. Since A is admissible,
the number of triples in each orbit is even. Choose one of the orbits and replace the
repeated element in each triple by X and Y alternately along the orbit. Process each
orbit similarly, and include all sets {X, a,−2a} and {Y, a,−2a} obtained in this way as
blocks of S.

(III) A single triple 〈0, 0, 0〉. This pre-block becomes the block {0, X, Y } of S.

It is easy to verify that the above blocks constitute a Steiner triple system. We
remark that the resulting system S is not uniquely determined by the group A as the way
of replacing the repeated elements in each orbit of triples of type II is ambiguous: if such
triples occur in more than one orbit, the construction may produce several non-isomorphic
STS’s.

Our aim in this section is to show that there are infinitely many values of n for which
there exits a Wilson-Schreiber system S of order v = n + 2 having each of the following
properties:

• S is universal

• S is point-intransitive

• S contains no proper universal subsystems.

We first prove that there exist infinitely many Wilson-Schreiber systems. This fact
follows immediately from the following result.

Proposition 4.1. There are infinitely many primes p such that −2 has even multiplicative
order modulo p.

Proof. First we show that if p = 8s + 7 is prime, then p|(24s+3 − 1). To do this, note
that −1 is a quadratic non-residue and that 2 is a quadratic residue modulo p. We have
2p−1 ≡ 1 (mod p), so p|(28s+6−1) and hence p|(24s+3−1)(24s+3 +1). It follows that either
p|(24s+3−1) or p|(24s+3+1). Suppose that p|(24s+3+1). Then 24s+3 ≡ −1 (mod p). But 2
is a quadratic residue and so the left-hand side is a quadratic residue, while the right-hand
side is a quadratic non-residue; a contradiction. It follows that p|(24s+3 − 1).

As a consequence of this, for primes of the form p = 8s + 7, the largest prime factor
of 24s+3 − 1 is at least 8s + 7. Hence if ps is the largest prime factor of ms = 24s+3 − 1,
then lim sups→∞ ps =∞.

Using this notation with s ≥ 1, (−2)4s+3 = −1−ms, so that (−2)4s+3 ≡ −1 (mod ps)
and, consequently, (−2)8s+6 ≡ 1 (mod ps). Let r be the order of −2 modulo ps, so that
(−2)r ≡ 1 (mod ps). Then r|(8s + 6). Suppose that r is odd. Then r|(4s + 3), so that
4s+ 3 = rq for some positive integer q. But then, modulo ps,

(−2)4s+3 ≡ (−2)rq ≡ 1q ≡ 1;

a contradiction. It follows that r must be even and so −2 has even order modulo ps. Now
take a strictly increasing subsequence of (ps), say (psi

); then for infinitely many primes
psi

, −2 has even order modulo psi
.

Next we show that, with the exception of the Fano plane PG(2, 2) and the affine plane
AG(3, 2), all Wilson-Schreiber systems are point-intransitive.
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Proposition 4.2. Let S be a Steiner triple system of order v constructed by using the
Wilson-Schreiber construction. Then S is point-intransitive if and only if v > 9.

Proof. The groups Z5 and Z7 are admissible and give the point transitive systems PG(2, 2)
and AG(2, 3) of order 7 and 9, respectively. The group Z11 is not admissible, so for v = 13
there is no Wilson-Schreiber system. For v = 15 there is only one such system up to
isomorphism; it is listed as #37 in [14] and is not point-transitive (see also [2]). So in the
rest of the proof we may assume that S is a Steiner triple system of order v ≥ 19 obtained
by the Wilson-Schreiber construction from an Abelian group A of order n ≥ 17.

Suppose that φ is an automorphism of S such that φ(0) = z, where z 6= 0 is a
numeric point. At most two numeric points a have φ(a) = X or Y ; if such points exist,
denote them by aX and aY . If a 6= 0,±aX ,±aY then φ(a), φ(−a) are numeric points and
z + φ(a) + φ(−a) = 0. Call such a point a a good point. There are at least n − 5 good
points, and if a is a good point then −a is also a good point.

For a fixed good point a, there are at least n−7 good points b 6= ±a. Put cb = −a− b,
so that distinct values of b give distinct values of cb. For a fixed good point a, the number
of good points b 6= ±a for which cb 6= a, b,±aX ,±aY is at least n − 13 > 0. For such
a point b, cb is also a good point. Then the images under φ of the blocks {a, b, cb} and
{−a,−b,−cb} give φ(a)+φ(b)+φ(−a−b) = 0 and φ(−a)+φ(−b)+φ(a+b) = 0. By adding
these and noting that a, b, a + b are all good points, we obtain 3z = 0, a contradiction.
Hence there is no automorphism mapping 0 to z, and S is therefore point-intransitive.

Our next result shows that a Wilson-Schreiber system has no proper subsystems pre-
cisely when its underlying group is cyclic of prime order.

Proposition 4.3. Let S be a Steiner triple system constructed from an Abelian group of
order n by using the Wilson-Schreiber construction. Then S contains no proper subsystems
if and only if n is a prime.

Proof. Let A be an admissible group of order n and let S be an STS constructed from
A by using the Wilson-Schreiber construction. If n is not a prime, then A will contain
a proper subgroup H. Since H is also admissible, S will contain a subsystem of order
|H|+ 2 constructed from H.

Now assume that n = p is prime, so that A = Zp. Consider a subsystem S∗ of
S having more than three points. Then S∗ has at least seven points, so at least five
numeric points. A simple counting argument shows that there must be an all-numeric
block {x, y,−(x+y)} in S∗. There also exists a fourth numeric point z /∈ {x, y,−(x+y)},
so S∗ must have 〈−x−y, z, x+y−z〉 as a pre-block. Its last entry x+y−z will occur in a
pre-block with x, producing the pre-block 〈x+ y− z, x,−2x− y+ z〉 whose last entry will
occur in a pre-block with y, and so on. It follows that all the following unordered triples
will be pre-blocks of S∗, not all necessarily distinct; they become blocks when repeats are
replaced by X or Y .

〈1x+ 1y − z, x,−2x− 1y + z〉, 〈−2x− 1y + z, y, 2x− 0y − z〉,
〈2x− 0y − z, x,−3x+ 0y + z〉, 〈−3x+ 0y + z, y, 3x− 1y − z〉,
〈3x− 1y − z, x,−4x+ 1y + z〉, 〈−4x+ 1y + z, y, 4x− 2y − z〉,

. . . . . .

Thus for each λ ∈ Zp there exists a pre-block of S∗ containing the element (λ + 1)x −
(λ − 1)y − z = x + y − z + λ(x − y). Since a block obtained from a pre-block contains
all elements of the pre-block, S∗ contains all the points x + y − z + λ(x− y) for λ ∈ Zp.
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Therefore S∗ contains all numeric points of S, and hence S∗ = S. In other words, S has
no proper subsystem.

We proceed to show that apart from the Fano plane PG(2, 2) and the affine plane
AG(3, 2) all Wilson-Schreiber systems are universal.

Proposition 4.4. Let S be a Steiner triple system of order v > 9 constructed by using
the Wilson-Schreiber construction. Then S is universal.

Proof. Let A be an admissible Abelian group of order n > 7 and let S be a Wilson-
Schreiber system constructed from A. To prove the result we may clearly restrict to the
case where S has no proper universal subsystems. By Proposition 4.3 and the classification
of finite Abelian groups it suffices to consider admissible cyclic groups of prime order
p ≥ 13 as well as three individual admissible groups Z5 × Z5, Z5 × Z7, and Z7 × Z7.
Observe that these three groups give rise to systems that do contain proper subsystems
(by Proposition 4.3), but the subsystems are of order 7 or 9 and therefore are not universal.

We apply Theorem 3.1. First assume that S arises from the group A = Zp, where
p is a prime number greater or equal to 13. Consider the configuration S[P ] for the set
P = (Zp − 0) ∪ {X, Y }. Then each orbit of the mapping z 7→ −2z has length greater
than 4. (Assuming the contrary we get (−2)4 ≡ 1 (mod p), whence 16 − 1 is a multiple
of p. But then p ≤ 5, which is a contradiction.)

Tables 1-8 show rooted homomorphisms Ci → (S[P ], ψ), i = 0, 1, . . . , 8 where ψ is
either a non-zero numeric point or one of X or Y . A rooted homomorphism that takes
the root to another non-zero numeric point is obtained by application of a suitable au-
tomorphism of Zp. A rooted homomorphism that takes the root to the other element of
{X, Y } can be obtained by application of the automorphism of S induced by the mapping
z 7→ −2z.

We finish the proof by considering the Wilson-Schreiber systems constructed from any
group A ∈ {Z5 × Z5,Z5 × Z7,Z7 × Z7}. In each of these cases we set P = A ∪ {X, Y }.
Observe that each of Z5 × Z5 and Z7 × Z7 has two orbits of non-zero elements under
the automorphism group, with representatives (0, 1) and (1, 1). To verify the assumption
of Theorem 3.1 it is sufficient to display, for each of the configurations from U rooted
homomorphisms sending the root to each of (0, 0), (0, 1), (1, 1), and X. To show that the
system constructed from Z5×Z7 is universal it is enough to find rooted homomorphisms
that send the root to each of (0, 0), (0, 1), (1, 0), (1, 1), and X. These can also be found
in Tables 1-8.

Putting the previous results together we obtain the following.

Theorem 4.5. Let S be a Steiner triple system constructed from an Abelian group A
by using the Wilson-Schreiber construction. Then S is universal, point-intransitive, and
contains no proper universal subsystem if and only if A is an admissible cyclic group Zp

of prime order p ≥ 13, or one of Z5 × Z5, Z5 × Z7, and Z7 × Z7.

5 Non-universal point-intransitive STS

It is known [7] that projective Steiner triple systems are not universal since they do not
colour graphs with bridges, and that affine Steiner triple systems are not universal because
they do not colour graphs with bipartite ends. The following was conjectured in [7].
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Conjecture 1. If G is a simple cubic graph and S a non-projective Steiner triple system,
then G fails to have an S-colouring only if S is affine and G has a bridge with a bipartite
end.

We disprove this conjecture by exhibiting an infinite family of non-universal Steiner
triple systems that are neither projective nor affine; by [11, Theorem 16] such systems
must be point-intransitive. The systems can be constructed from the projective systems
PG(n, 2), n ≥ 3 by performing a single Pasch switch. Recall that the Pasch configuration
is a collection T of six points a, b, c, x, y, z, and four triples isomorphic to {a, b, c},
{a, y, z} {x, b, z} and {x, y, c}. The Pasch switch is an operation that replaces the four
triples of T with four new triples {x, y, z}, {x, b, c}, {a, y, c} and {a, b, z} on the same
set of points. If S is a Steiner triple system containing a Pasch configuration T , then
performing the switch of T creates from S a new Steiner triple system.

For d ≥ 2 let Nd denote the Steiner triple system formed from PG(d, 2) by a single
Pasch switch. Since all Pasch configurations in a projective system are equivalent, Nd is
uniquely determined up to isomorphism. The system N2 is clearly isomorphic to the Fano
plane, but for d ≥ 3 the system Nd is neither projective nor affine.

Theorem 5.1. For d ≥ 2 the Steiner triple system Nd is not universal and is neither
projective nor affine.

Proof. Let T be a Pasch configuration in PG(d, 2). Then there exist points x, y, and z
in T such that the four blocks of T are {x, y, x+ y}, {x, z, x+ z}, {y, z, y + z}, and {x+
y, x+z, y+z}. After switching T , these blocks are replaced by the blocks {x, x+y, x+z},
{y, y + x, y + z}, {z, z + x, z + y}, and {x, y, z} of Nd. Since the sum of the points in
each block of PG(d, 2) is zero, the sum of points in a block of Nd will now be either 0 or
x+ y + z.

Suppose that a cubic graph G has an Nd-colouring φ. For each vertex v of G define
the excess of φ at v to be the sum of colours of the edges incident with v. From the
definition of Nd it follows that the excess of φ at every vertex is either 0 or x+ y + z. If
G contains a bridge e separating components G1 and G2 of G− e, then φ(e) must be the
sum of excesses of the vertices of G1 (or equivalently, of G2). Since 0 is not a colour, we
have φ(e) = x + y + z. Hence, if G has two adjacent bridges, it cannot be Nd-coloured.
It follows that Nd is not universal.
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6 Tables

group r 12 21 11 22 10 20 01 02
Zp, p ≥ 13 1 2 −3 5 −6 −7 9 −2 4

X 1 −2 4 −8 −5 −6 Y −9

Z5 × Z5 00 44 11 43 12 23 32 01 04
01 10 44 12 42 33 24 04 03
11 01 43 10 34 44 33 02 20
X 01 03 10 20 44 32 42 34

Z7 × Z7 00 01 06 10 60 66 11 61 16
01 02 04 10 66 65 14 63 16
11 01 65 02 64 04 25 10 12
X Y 00 01 05 03 02 06 04

Z5 × Z7 00 46 11 20 30 41 16 26 31
01 46 10 44 12 24 35 03 06
10 46 01 45 02 23 04 11 16
11 45 01 20 26 42 30 36 43
X 06 04 05 01 03 02 Y 00

Table 1: Configuration C0
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group r 00 12 21 11 22 10 20 α1 α2 01 02 β1 β2

Z13 4 5 10 11 9 12 7 3 1 7 6 4 X 9
Y 11 5 10 X 1 4 2 12 3 6 7 4 Y

Z23 1 20 22 4 18 8 6 11 17 9 1 16 2 15
Y 21 19 6 9 16 18 1 13 12 8 11 4 15

Zp, p ≥ 17, p 6= 23 −16 7 −4 −3 −2 −5 6 8 −6 −1 5 9 9 5
Y −2 −1 3 6 −4 −5 1 −7 9 −9 5 4 −8

Z5 × Z5 00 01 10 44 43 11 02 00 12 42 23 34 04 03
01 00 10 40 42 13 03 02 11 44 23 32 04 01
11 00 01 04 21 34 33 22 12 43 30 20 44 11
X 01 10 44 40 14 00 02 13 41 21 31 03 04

Z7 × Z7 00 Y 01 03 05 04 X 00 02 06 06 02 X 00
01 04 10 63 62 11 05 03 12 61 22 56 02 06
11 01 02 04 36 40 46 33 15 61 44 35 65 14
X Y 01 03 06 02 00 X 04 05 05 04 00 X

Z5 × Z7 00 46 42 26 30 31 35 00 20 41 01 34 11 24
01 46 44 24 31 30 32 03 23 45 02 33 10 25
10 46 45 23 04 14 15 20 33 35 30 05 01 34
11 45 34 35 13 06 10 23 21 41 16 24 01 32
X 06 46 12 11 40 00 05 41 10 34 21 04 01

Table 2: Configuration C1

group r 00 12 21 11 22 10 20 α1 α2 01 02 β1 β2

Z13 2 3 6 4 8 2 12 7 11 12 1 5 Y 8
X 1 4 8 11 X Y 9 6 Y 7 5 12 11

Z23 1 18 22 6 13 15 11 2 8 20 4 9 9 4
X 1 10 12 2 20 11 14 7 15 9 16 4 21

Zp, p ≥ 17, p 6= 23 −16 7 −3 −4 −5 −2 8 6 −1 −6 9 5 5 9
Y −2 5 −3 −6 8 1 −5 11 −9 9 −13 −8 4

Z5 × Z5 00 01 24 30 31 23 00 02 22 32 44 13 03 04
01 00 20 30 33 22 02 03 24 31 42 13 01 04
11 00 12 43 21 34 22 33 01 04 41 14 11 44
X 01 24 30 34 20 02 00 21 33 41 11 04 03

Z7 × Z7 00 Y 01 03 06 02 00 X 04 05 05 04 00 X
01 04 10 63 64 16 03 05 15 65 20 51 06 02
11 01 02 04 42 34 33 46 66 10 31 41 14 65
X Y 01 03 05 04 X 00 02 06 06 02 X 00

Z5 × Z7 00 46 45 23 12 06 00 35 10 01 22 13 24 11
01 46 26 42 35 33 03 32 40 21 30 05 25 10
10 46 44 24 43 25 20 15 06 12 40 45 34 01
11 44 43 20 41 22 23 15 01 12 46 42 36 02
X 06 46 12 13 45 05 00 44 14 32 23 01 04

Table 3: Configuration C2
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group r α β γ = t δ ε ζ η
Zp, p ≥ 13 −2 1 −3 2 −4 3 7 −5

Y 1 2 −3 −6 5 4 −2

Z5 × Z5 00 00 10 40 44 11 01 04
01 02 42 11 24 34 44 10
11 22 43 40 23 10 44 00
X 33 43 34 23 04 44 22

Z7 × Z7 00 00 01 06 03 04 Y X
01 03 10 64 65 16 02 04
11 33 10 34 66 55 01 65
X X 01 05 03 02 Y 00

Z5 × Z7 00 00 45 12 23 34 46 11
01 03 45 16 23 31 46 10
10 20 45 42 23 14 46 10
11 23 26 15 43 41 45 01
X 05 46 13 12 40 06 04

Table 4: Configuration C3

group r α β = t γ δ ε η θ κ ν ξ
Zp, p ≥ 13 10 1 2 −3 3 −4 −11 −9 7 9 8

Y 4 −6 2 5 −9 −2 −1 7 8 −3

Z5 × Z5 00 01 44 10 11 43 04 14 02 12 40
01 00 40 10 13 42 04 12 03 11 43
11 00 04 01 34 21 44 23 33 12 32
X 01 44 10 14 40 03 11 00 13 43

Z7 × Z7 00 01 66 10 11 65 06 16 02 12 60
01 02 65 10 16 66 04 11 01 15 64
11 01 66 10 55 21 65 42 46 13 34
X 01 66 10 15 61 05 12 06 13 64

Z5 × Z7 00 46 25 43 32 36 11 04 35 21 14
01 46 23 45 31 30 10 02 32 24 16
10 46 23 45 14 04 01 26 15 33 42
11 45 25 44 16 03 01 22 10 31 40
X 06 12 46 40 11 04 45 00 41 13

Table 5: Configuration C4
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group r α β γ δ ε ζ η θ = t κ λ µ ν
Zp, p ≥ 17 4 1 −2 X 4 −5 −4 3 6 −1 −7 Y −2

X 4 3 −7 −1 −3 X −8 −2 5 Y −2 1

Z13 11 10 11 5 1 2 7 9 5 6 11 X 1
X 12 10 4 11 3 5 9 X 7 2 5 4

Z5 × Z5 00 44 40 21 42 24 22 X 01 30 10 23 32
01 00 01 04 02 03 40 10 13 44 42 Y 02
11 Y 22 11 30 10 03 04 11 34 22 03 41
X 02 10 43 42 11 X 04 03 41 00 03 01

Z7 × Z7 00 01 02 04 X 05 66 10 14 65 62 03 04
01 02 03 X 01 04 65 10 16 64 66 Y 03
11 01 02 04 44 32 03 Y 46 06 30 31 35
X 01 03 Y X 05 66 10 15 64 61 02 03

Z5 × Z7 00 06 46 12 16 42 X 04 01 14 00 02 05
01 46 45 23 16 02 03 15 01 04 10 03 Y
10 26 06 32 34 04 36 02 05 Y 33 24 23
11 26 06 32 30 01 34 04 05 X 33 21 25
X 06 46 12 13 45 X 04 05 14 03 05 01

Table 6: Configuration C5

group r α β γ δ ε ζ = t η θ κ λ µ ν ξ π ρ σ τ φ
Zp, p ≥ 17 5 −2 −6 8 −3 −1 3 X 1 −5 7 10 −8 −7 4 −1 −4 1 2

X 1 7 −8 3 5 −6 X −2 7 −8 −5 4 14 −8 1 −2 8 −1

Z13 7 4 12 10 1 10 12 5 X 3 6 3 6 X 2 8 11 3 11
X 12 6 8 11 X 2 5 9 5 9 Y 7 10 1 11 1 10 6

Z5 × Z5 00 01 40 14 04 44 10 02 Y 42 12 13 41 33 12 03 02 43 03
01 00 01 04 12 04 01 14 41 Y X 03 02 10 44 03 X 03 02
11 01 11 43 02 34 20 03 X 31 23 21 33 11 24 21 23 12 04
X 01 11 43 02 14 40 03 X 11 43 41 13 21 44 01 03 12 04

Z7 × Z7 00 00 02 05 10 05 02 16 61 Y X 01 06 13 62 03 04 01 06
01 01 10 66 04 Y 03 66 10 11 65 63 13 06 05 02 04 00 63
11 01 52 24 02 10 66 03 Y 12 64 60 16 23 65 31 35 63 06
X 01 12 64 02 10 66 03 Y 12 64 60 16 23 65 01 05 13 06

Z5 × Z7 00 00 02 05 15 05 02 14 43 Y X 01 06 11 44 03 04 01 06
01 02 40 15 04 X 03 16 46 40 15 13 42 05 06 02 04 00 14
10 01 21 35 02 46 10 05 X 44 12 13 43 31 16 24 23 24 03
11 01 15 41 02 36 20 05 X 34 22 23 33 11 26 20 26 11 03
X 01 41 15 04 X 05 10 46 45 11 15 41 03 06 05 01 X 14

Table 7: Configuration C6
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group r α β γ δ = t ε ζ η θ κ λ µ ν ξ π ρ σ τ φ
Zp, p ≥ 17 5 1 −3 2 3 −2 X −6 5 4 −5 7 −8 −4 −1 −1 −4 −2 −8

X −2 7 −5 −3 1 X 3 −1 −8 −7 −5 7 5 2 1 −2 2 4

Z13 7 4 12 10 1 10 12 5 X 3 6 6 3 8 2 11 8 X 11
X 4 X 5 12 5 X 6 3 1 8 11 Y 10 9 11 1 3 11

Z5 × Z5 00 01 40 14 04 10 44 03 X 14 40 11 43 00 41 01 04 00 02
01 01 23 31 10 34 20 24 30 40 14 20 34 44 11 42 12 03 X
11 01 22 32 04 11 43 03 X 10 44 12 42 00 40 23 21 33 02
X 01 42 12 04 X 03 44 10 11 43 14 40 00 02 02 04 X 41

Z7 × Z7 00 00 05 02 10 05 02 16 61 Y X 06 01 60 62 04 03 63 06
01 01 34 42 10 50 26 40 36 20 56 60 53 66 X 23 53 03 31
11 01 30 46 02 10 66 03 Y 12 64 16 60 04 65 35 31 40 06
X 01 60 16 02 10 66 03 Y 12 64 16 60 04 65 05 01 00 06

Z5 × Z7 00 0 0 02 05 12 02 05 13 44 X Y 01 06 45 43 03 04 42 01
01 01 44 12 10 20 36 40 16 40 16 30 26 46 Y 23 33 24 31
10 01 46 10 02 X 05 16 40 44 12 45 11 04 03 24 23 31 15
11 01 43 13 02 X 05 16 40 44 12 45 11 04 03 20 26 35 15
X 01 11 45 02 X 05 10 46 43 13 44 12 04 03 03 02 X 16

Table 8: Configuration C7
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