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The pancake sorting problem

The chef in our place is sloppy, and when he prepares a stack of pancakes they
come out all different sizes. Therefore, when I deliver them to a customer, on
the way to the table I rearrange them (so that the smallest winds up on top,
and so on, down to the largest at the bottom) by grabbing several from the top
and flipping them over, repeating this (varying the number I flip) as many
times as necessary.

If there are n pancakes, what is the maximum number of flips (in terms of n)
that I will ever have to use to rearrange them?

Jacob E. Goodman (a.k.a. Harry Dweighter), 1975
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Pancakes and permutations

Number the pancakes 1 (smallest) to n (biggest).

1

2

3

4

5

Reading from top to bottom: 2 5 3 1 4 is a permutation.

A sorted pancake stack would be 1 2 3 4 5.
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Obligatory maths slide

For us, a permutation of length n is the symbols 1, 2, . . . , n in some order.
Example: π = 3 1 4 5 9 2 6 8 7

There are n! = n(n − 1)(n − 2) · · · 1 permutations of length n. 1
12, 21

123, 132, 213, 231, 312, 321
1234, 1243, 1324, 1342, 1423, 1432, 2134, 2143, 2314, 2341, 2413, 2431
3124, 3142, 3214, 3241, 3412, 3421, 4123, 4132, 4213, 4231, 4312, 4321

The pancake flip operation is a prefix reversal:

2 5 3 6 1 45 2 3 6 1 46 3 2 5 1 4
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The pancake sorting problem

If there are n pancakes, what is the maximum number of flips (in terms of n)
that I will ever have to use to rearrange them?

Jacob E. Goodman (a.k.a. Harry Dweighter), 1975

Let f (π) denote the number of flips needed to turn a permutation (or pancake)
π into 12 · · · n.

Let fn denote the worst case for length n. That is,

fn = max
π of

length n

f (π).

Small n:

f1 = 0 (no flips needed!)
f2 = 1 (21 → 12)
f3 = 3 (132 → 312 → 213 → 123)
f4 = 4 (3142 → 4132 → 2314 → 3214 → 1234)
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Bounding fn

We want:
Ln ⩽ fn ⩽ Un

where

Un is an upper bound: need algorithm to sort
any length n permutation in ⩽ Un flips.

Ln is a lower bound: need a length n permutation
requiring Ln flips.



Upper bound: A simple algorithm

1. Find the biggest pancake that’s in the wrong place.
2. Flip this biggest pancake to the top.
3. Now flip it into the correct position.

Example:

Worst case: Every pancake is in the wrong position. 2 flips to fix, so

Un ⩽ 2n − 3.
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A better upper bound

So Un ⩽
5n + 5

3
≈ 1.6667n.



A better better upper bound

So Un ⩽
18n
11

+ a bit ≈ 1.6363n.



What about lower bounds?

Adjacency in a stack is a pair of neighbouring pancakes of adjacent size.

In a permutation: two consecutive entries of the form i, i + 1 or i + 1, i.

Example:
π = 3 1 4 5 9 2 6 8 7

The sorted permutation 12 · · · n has n − 1 adjacencies.

Each flip increases #adjacencies by ⩽ 1.

So any permutation with zero adjacencies will need at least n − 1 flips.

Ln ⩾ n − 1.

Example: π = 2 4 6 · · · n 1 3 5 · · · n − 1 (n even)
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A better lower bound

Similar (but more complicated) ideas gives:

Ln ⩾
15n
14

≈ 1.0714n

for n ⩾ 6.



State-of-the-art

If there are n pancakes, what is the maximum number fn of flips (in terms of
n) that I will ever have to use to rearrange them?

Jacob E. Goodman (a.k.a. Harry Dweighter), 1975

For n ⩾ 6:
1.0714n ⩽ fn ⩽ 1.6363n.

For small n (by computer search):

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
fn 0 1 3 4 5 7 8 9 10 11 13 14 15 16 17 18 19 20 22
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Applications: genomics
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Superpermutations



Meet Haruhi Suzumiya



The Haruhi problem

What is the least number of Haruhi episodes that you would have to watch in
order to see the original 14 episodes in every order possible?

In maths terms, we want to find the shortest superpermutation for each n.



The generalised Haruhi problem

What is the least number of Haruhi episodes that you would have to watch in
order to see n distinct episodes in every order possible?

In maths terms, we want to find the shortest superpermutation for each n.
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Example: n = 3

Watch episodes 1, 2 and 3 in these orders:
123 132 213 231 312 321

The following sequence of length 9 contains all 6 of these:

1 2 3 1 2 1 3 2 1
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Example: n = 4

Watch episodes 1, 2, 3 and 4 in these orders:
1234 1243 1324 1342 1423 1432 2134 2143
2314 2341 2413 2431 3124 3142 3214 3241
3412 3421 4123 4132 4213 4231 4312 4321

The following sequence of length 33 contains all 24 of these:

1 2 3 4 1 2 3 1 4 2 3 1 2 4 3 1 2 1 3 4 2 1 3 2 4 1 3 2 1 4 3 2 1
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Shortest superpermutations

For n = 1, 2, 3, 4, 5, the shortest superpermutations have lengths

1, 3, 9, 33, 153.

For n = 6, the shortest known has length 872. Best lower bound is 867.

For n = 7, the shortest known has length 5906. Best lower bound is 5884.

For n = 14, it’s between 93 884 313 611 and 93 924 230 411.
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Upper bounds (via explicit construction)

Best upper bound (n ⩾ 7):

n! + (n − 1)! + (n − 2)! + (n − 3)! + n − 3.

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::



n = 7 record published by . . . piano?



Lower bounds

Easy lower bound:
n! + (n − 1)

Proof: There are n! permutations of length n. Each must start at a different
position in the superpermutation, so that’s n! symbols.
After the last permutation starts, there must be n − 1 more symbols to
complete this final permutation.

Now things get a little weird. . .
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On an anime fan website far far away. . .



Theorem (anonymous)

Every superpermutation for the permutations of length n has length at least

n! + (n − 1)! + (n − 2)! + n − 3.





Summary: state-of-the-art superpermutations

For n = 6 the shortest superpermutation has length between 867 and 872.
(Aside: Over 100M CPU hours did not yield a better construction.)

For n ⩾ 7, the shortest superpermutation has length between

n! + (n − 1)! + (n − 2)! + n − 3

and
n! + (n − 1)! + (n − 2)! + (n − 3)! + n − 3.



Thanks!


